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This  treatise  was  originally  designed  to  explain  the 
part  of  Statics  required  in  the  Previous  Examina- 
tion and  the  Second  Examination  for  Ordinary 
Degrees  in  the  University  of  Cambridge.  It  is  now 
published  in  sucli  a  form,  that,  while  serving  its 
primary  purpose,  it  may  meet  the  requirements  of 
Students  in  Schools,  especially  those  who  are  pre- 
paring for  the  Local  Examinations.  It  may  also 
be  regarded  as  an  introduction  to  the  works  on 
Mechanics,  which  will  appear  in  due  course  in 
Rivington's  Mathematical  Series. 

The  Examples  have  been  selected  from  Papers 
set  in  University  Examinations. 

The  propositions  requiring  a  knowledge  of  Tri- 
gonometry are  marked  with  Roman  numerals. 

For  some  explanations  of  the  Elementary  Defi- 
nitions I  am  indebted  to  the  late  Dr.  Whewell's 
work  on  "  The  Philosophy  of  the  Inductive  Sciences;'* 
and  a  special  acknowledgment  is  due  from  me  to 
Dr.  Parkinson,  for  permission  to  make  free  se  of 
his  treatise  on  Mechanics. 

In  this,  as  in  my  other  publications,  I  have  been 
assisted  in  no  slight  degree  by  Mr  E.  J.  Gross,  of 
Gonville  and  Caius  College,  who  has  taken  the  most 
lively  interest  in  revising  and  correcting  all  that  I 
have  written. 

J.  HAMBLIN  SMITH. 


Cambbidge,  1871. 
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ELEMENTARY    STATICS, 


CHAPTER  I. 


DFFINITIONS. 


1.  Matter  is  that,  which  can  bo  perceived  by  the  sensoH  of 
Bight  and  touch. 

A  Body  is  any  portion  of  matter. 

A  Rigid  Body  is  one,  in  wliich  the  difTorcnt  portions  are 
hold  together  in  invariable  positions  with  respect  to  each 
other. 

A  Particlb  or  Matkrtal  Point  is  a  portion  of  matter, 
indefinitely  small  in  all  its  dinienHions:  so  that  its  length, 
breadth,  and  thickness  are  less  than  any  assignable  linear 
magnitude. 

2.  Rest.  When  a  body  or  particle  constantly  occupies 
the  same  position,  it  is  said  to  be  at  rest. 

Motion.  When  the  position  of  a  body  or  particle  is  being 
changed  continuously,  it  is  said  to  bo  in  motion. 

3.  Force.  Any  cause,  which  changes  or  tends  to  cbange 
the  state  of  rest  or  motion  of  a  body  or  particle,  is  called  force. 

4.  Statics  is  the  science,  which  treats  of  the  conditions, 
tinder  which*  forces,  acting  on  matter,  produce  rest. 

6.  Line  of  Action.  The  line  of  action  of  a  force  is  the 
line,  in  which  a  particle  would  begin  to  move  in  consequence 
of  the  action  of  the  force. 

6.  The  Forces,  with  which  wo  are  chiefly  concerned  in 
this  treatise,  may  be  roughly  divided  into  three  classes : 

(1)  Pressitres.    (2)  Tensions.        (3)  Attractions. 
Of  the  first  and  second  kinds  of  force  we  have  illustrft- 
tions  in  many  actions  of  our  daily  Ufa.     Whether  we  push, 

a.  8.  1 


2 


DEFINITIONS. 


pull,  or  lift  a  body,  wo  bring  into  action  a  force  acting  by 
pressure  or  by  tension.  Imagine  a  gimlet  to  bo  firmly  fixed 
m  a  block  of  wood.  If  we  push  the  gimlet,  we  apply  to  the 
block  a  force  acting  by  pre^mre.  If  wo  pull  the  gimlet,  wo 
apply  to  the  block  a  force  acting  by  tension. 
Henoe  we  obtain  the  following  definitions: 

Pressure.  If  one  body  be  forced  against  another,  each 
body  18  subjected  to  a  force  acting  at  the  point  of  contact: 
such  force  is  called  pressure. 

Tension.  When  a  body  is  pulled  by  means  of  a  string  ur 
rod  the  force  exerted  along  the  string  or  rod  is  called  tension. 

If  we  consider  a  string  as  a  line  of  consecutive  particles, 
when  a  force  is  applied  at  each  end  of  the  string,  each  particle 
of  the  string  is  pulled  in  opposite  directions  by  the  forces, 
which  the  consecutive  particles  on  either  side  of  it  are  com- 
pelled to  exercise  upon  it.  These  forces  are  called  tensions, 
and  are  the  same  at  every  particle  of  the  string. 

Suppose  an  engine,  attached  to  a  truck  by  a  coupling-chain, 
to  be  just  on  the  point  of  moving  the  truck.  Each  link  of 
the  chain  is  then  acted  upon  by  two  equal  and  opposite  forces, 
which  act  by  means  of  the  other  links  on  either  side  of  any 
particular  link.  The  force,  with  which  the  part  of  the  chain  on 
one  side  of  any  particular  link  resists  the  force  exerted  along 
the  chain  on  the  other  side  of  the  link,  is  culled  the  tension  of 
the  chain. 

7.  Attraction  is  a  force  less  easily  conceived  than  pres- 
sure or  tension,  because  it  arises  from  the  action  of  one  body 
on  anotlier  at  a  distance  from  it. 

Such  is  the  influence  of  the  magnet  on  the  needle:  such  is 
the  influence  by  which  the  Earth  attracts  to  itself  all  bodies 
about  it:  and  such  is  the  influence  by  which  the  Sun  and 
planets  attract,  each  other. 

8.  All  bodies  fixll,  if  unsupported,  or  tend  to  fall,  if  sup- 
ported, towards  the  surfjice  of  the  earth. 

The  direction,  in  which  a  particle  would  fall  freely  at  any 
place,  is  called  the  vertical  line  at  that  place. 

A  plane  perpoudicular  t«  tins  vertical  line  is  said  to  be 
horizontal. 
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If  a  ball  of  lead  be  suspended  at  one  end  of  a  string,  and 
we  hold  the  oilier  end  of  the  strin*^,  we  must  exert  a  certain 
force  to  sustain  the  ball,  equal  to  the  fo»ce,  with  which  the 
J'^arth  attracts  the  ball.  This  latter  force  is  called  the  Weight 
of  the  ball.     Ilencc  we  obtain  the  following  definition: 

Weight  or  Gravity  is  the  name  given  to  the  force  with 
which  the  earth  attracts  a  body. 

The  tendency  of  bodies  to  the  Earth  results  from  their 
attraction  or  Grat'dallon  to  the  Earth.  This  tendency  is  only 
a  particular  instance  of  the  attraction,  which  is  exerted  by 
every  body  upon  those  about  it;  and  this  attraction  of  one 
body  to  another  arises  from  the  attraction  of  every  particle  of 
matter  to  every  other,  whicJi  is  called  Universal  Gravitation. 

9.  Density.  The  Density  of  a  substance  is  the  degree  of 
closeness,  with  which  the  particles  composing  the  substance 
are  packed  together. 

10.  Volume  is  the  amount  of  space  occupied  by  a  body. 

The  Volume,  Bulk,  or  SoUd  Content  of  a  body  is  measured 
by  the  number  of  times  a  certain  cubical  unit  must  he  repeated, 
to  fill  up  the  space  occupied  by  the  body. 

Thus,  when  we  say  that  the  volume  of  a  body  is  8  cubic 
inches,  we  mean  that  a  cubical  unit,  which  we  call  a  cubic 
inch,  must  be  repeated  8  times,  to  fill  up  the  space  occupied  by 
one  body. 

11.  Equilibrium.  If  several  forces  acting  on  a  particle, 
or  on  a  body,  are  so  related,  that  no  motion  of  the  particle  or 
the  body  takes  place,  the  forces  are  said  to  be  in  equilibrium. 

Two  forces,  which,  acting  in  opposite  directions,  keep  each 
other  in  equilibrium,  are  necessarily  and  manifestly  equal.  If 
we  see  two  boys  pulling  at  two  ends  of  a  rope,  so  that  neither 
of  them  in  the  smallest  degree  prevails  over  the  other,  we 
have  a  case  in  which  two  forces  are  in  equilibrium.  If  three 
hooks  be  fixed  in  a  log  of  wood,  two  at  one  end  and  one  at  the 
other,  and  if  the  efforts  of  two  boys  pulling  at  ropes,  attached 
to  the  two  hooks  at  one  end,  be  just  counteracted  by  the  eflbrt 
of  a  man  pulling  at  a  rope,  attached  to  the  hook  at  the  other 
end,  we  have  a  case  in  which  three  forces  are  in  equilibrium: 
and  tliis  illustration  may  bo  extended  to  four^  Jim  or  more 
forces. 
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Again,  if  a  number  of  rings  be  inserted  round  a  block  of 
wood,  if  a  rope  be  attached  to  each  ring,  and  a  boy  set  to  pull 
at  each  rope,  it  is  easy  to  conceive  such  s.  disjjosition  of  tine 
forces  exerted  by  the  boys,  that  no  motion  of  the  block  may 
take  place.  Here  then  we  have  a  case,  in  which  a  number  of 
forces,  not  acting  in  parallel  directions,  are  in  equilibrium. 

12.  When  two  men  pull  at  a  rope  in  the  same  direction, 
we  know  that  the  force,  which  they  exert,  is  equal  to  the 
sum  of  the  forces,  which  they  would  separately  exert.  When 
two  stones  are  put  in  a  basket  suspended  by  a  string,  their 
weights  are  added  and  the  sum  is  supported  by  the  string. 
Thus  we  see  that  forces,  acting  together  in  the  same  direction, 
may  be  added  together  to  obtain  their  combined  effect. 

Since  two  opposite  forces,  which  balance  each  other,  are 
equal,  each  force  is  measured  by  that  which  it  balances;  and 
since  forces  are  capable  of  addition,  a  force  of  any  magnitude 
is  measured  by  adding  together  a  proper  number  of  such  equal 
forces. 

Thus  a  heavy  body,  which,  appended  to  an  elastic  spring, 
will  draw  it  through  one  inch,  may  be  taken  as  the  unit  of 
weight  Then,  if  we  remove  this  body,  and  find  a  second  heavy 
body,  which  will  also  draw  the  spring  through  one  inch,  this 
second  body  is  also  a  unit  of  weight.  In  like  manner  we  might 
go  on  to  a  third  and  a  fourth  equal  body;  and  adding  together 
the  two,  or  the  three,  or  the  four  heavy  bodies,  we  have  a 
force  twice,  or  three  times,  or  four  times  the  unit  of  weight. 
And  with  such  a  collection  of  heavy  bodies,  or  weights,  we  can 
readily  measure  all  other  forces ;  for,  since  forces  that  keep  a 
body  at  rest  must  be  equal  in  their  opposite  effect,  we  con- 
clude that  any  statical,  force  is  measured  by  the  weight  which 
it  will  tupport. 

13.  To  measure  forces  we  fix  upon  some' definite  force  for 
our  standard,  or  unit,  and  then  any  other  force  is  measured  by 
the  number  of  times  it  contains  this  unit,  and  this  number  is 
called  the  measure  of  the  force. 

It  is  usual  to  take  as  the  unit  of  force  that  force  which  will 
sustain,  when  acting  vertically  upwards,  a  weight  of  one  pound 
avoirdupois.  The  measures  of  forces,  which  will  sustain  1  lb., 
2  lbs.,  3  lbs.,  Plbs.,  will  then  be  1,  2,  3,  P  respectively. 

14.  Two  forces  are  commensurable  when  a  force  can  be 
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agiiitude 
ich  equal 

)  spring, 

unit  oj 

id  heavy 

Qch,  this 

^e  might 

together 

I  have  a 

weight. 

,  we  can 

keep  a 

we  con- 

t  which 


brce  for 
ured  by 
niber  is 

lich  will 
B  pound 
lin  lib., 

can  be 


taken  as  tho  standard  of  measurement,  such  that  it  is  contained 
in  each  an  exirt  .    aiber  of  times. 

i.5     Meth'd  '>/ estimating  forces. 

The  three  elements  specifying  a  force,  all  of  which  must  be 
known  in  order  to  estimate  the  effect  of  the  force,  are 
vl)    The  point  of  application  of  the  force. 

(2)  The  direction  in  which  the  force  acts. 

(3)  The  magnitude  of  the  force. 

16.    Method  of  representing  forces. 

Forces  may  bo  represented  by  straight  lines:  for 

(1)  A  straight  line  can  be  drawn  from  any  point,  and 
thus  it  will  represent  a  force  with  respect  to  the  point  of 
application. 

(2)  A  straight  line  can  be  drawn  in  any  direction,  and 
thus  it  will  represent  the  direction  of  a  force. 

(3)  A  straight  line  can  be  drawn  of  such  a  length,  as  to 
contain  as  many  miits  of  length  a^  the  given  Jorce  contains 
units  of  force,  and  thus  it  will  represent  the  magnitude  of  a 

^''"^  Thus,  suppose  we  are  speaking  of  a  force  of  5  lbs.,  acting 
at  the  middle  point  of  a  horizontal  rod,  and  inclined  at  au 
angle  of  45°  to  the  horizon. 


Let  BG  represent  the  rod,  A  tho  middle  point  of  the  rod. 

Draw  AD  making  an  angle  of  45"  with  AC. 

Mark  otf  a  portion  of  the  line  AD,  sui>pose  A  P,  contammg 
h  units  of  length,  that  is,  as  many  units  of  length  as  there  are 
units  of  force  in  the  given  force.  ,        .         .-         • 

rj^jj...  ,ve.  may  say  that  AF  represents  the  given  lorce  in 

every  particular: 


6 
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the  h„riL,I"  ''""""'''  "  ""'"^  '"^«""<'  «'  -  angle  of  46'  t„ 
(3)    In  ma8:nitude,  by  the  number  of  units  i„  its  length 

=.b'ri;r:;prd't::rt-:  rr" '-» '--  -^ 

to  each  other.  '^    "'  '"  ''"■«'■"»»  at  right  angles 

-  atrt::^'r,"•:f  ^c-rnr' ','-'  "■"'  -^  '™^'', 

-'/•>,  W6  at  nght  angles  to  each  other 


J-l~i_LJ_J 


the  one  containing  our  un't  of  lon.^fi,  r  *• 

containing  it  7  tiL.,,  and  tiL   S^y'":??; '"':^,  "'^  """'^ 

represent  the  two  forc'es  acting  at'^  p!f  i  1     ""  '"■"""'^ 

17.    Om  m  Tr.mmmibiliiy  (rf Force 

It  is  plain  that  two  equ,J  and  opposite  forces,  P,  Q,  a,.,,,!!,., 


-4- 


-^ 


and"";;";' i,;":  'z^:iTr "« "■«  '«■>?''-  "^ «-  -d : 

the  rod  Q  be  ^^mHcd    ifn/h  ?  ^1  *'  ''''""^"""  I"""  "' 

«.n,e.  at^hatrr";!i;r„?r  Z^^^^^f^jf^''  «'« 
other  pon,t,  it  „,a,  be  applied,  the'  diretV^efLSn"  Z 

Suppose  a  piece  of  wood  of  ;,nv  shane   anv  hlr^  o  i 
«lioe,  to  be  laid  on  a  smoo^A  table,  and     "^  '     '      "  '  '""" 
to  be  acted  on  by  a  force,  ./,  B,  C,  D 
Hc^ng  any  four  ,,oint.s  in  the  line  of 

1  hen  the  only  force  tending  to  n.ovc 
ff^o  bouy  IS  tj,e  alorosaid  force,  and  it 
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is  found  that  the  body  will  move  in  precisely  the  same  manner, 
whether  the  force  be  applied  at  J,  B,  G,  or  D. 

These  considerations  lead  us  to  the  following  principle, 
called  the  principle  of  the  traiismissihility  of  force. 

The  effect  of  a  force  on  a  rigid  body,  to  which  it 

IS  APPLIED,  will  be  THE  SAME,  IF  WE  SUPPOSE  THE  FORCB 
TO  BE  APPLIED  AT  ANY  POINT  IN  THE  LINE  OF  ACTION,  PROVIDED 
THE  POINT  BE  RIGIDLY  CONNECTED  WITH  THE  BODY. 

The  following  is  another  example  of  this  principle.  If 
ABC  he  a  chain  fastened  at  ^  to  a  hook  fixed  in  a  beam, 
and  a  weight  W  be  suspended  from  C,  then  the  pressure  on 
the  hook  \a  IV  +  weight  of  chain  AC.  If  now  we  remove  the 
pai-t  of  the  chain  below  B,  and  suspend  IV  from  5,  the 
pressure  on  the  hook  is  W  +  weight  of  chain  AB. 


w 


Qa 


Thus  the  pressure  on  the  hook  caused  by  JV  acting  at  0 
exceeds  the  pressure  caused  by  IV  acting  at  B  by  the  weight 
of  the  chain  BC,  and  Jl'  so  far  as  its  own  effect\is  concerned^ 
producm  the  same  pressure  on  A,  whether  it  be  avplied  at 
Q  or  B. 
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Note.    It  may  hero  be  remarked  that  if  a  weight  [v'l 


atteched  to  one  end  of  a  Hne  string,  and  the  string  ho  m.<le 
to  pass  over  a  small  grooved  wheel,  fixed  in  Losition  01?.^ 

Btringr.:;;ra^^^^^^^ 

angle  between  the  two  parts  of  the  string  wIZTp]''' 

The  same  is  true  with  regard  to  the  tension  of  a'strini. 
that  passes  over  a  smooth  peg.    Thus  if  a  n5r.fn  Jf  ^? 

the  te™.«n  of  the  portious  of  the  cord  AB  aud  let  t 


CHAPIER  II. 


ON  COMPONENT  AND  RESULTANT  FORCES. 

18.    Suppose  0  to  be  a  material  particle,  and  AB  a  straig&w 
iine  of  unlimited  length  passing  throngh  O. 


At 


a 


^ 


0 


M 

-1— 


-B 


Let  a  force  P  act  on  0  in  the  direction  AB, 

and Q V^^-  ..       . 

Set  off  in  OB  the  line  OM,  containing  as  many  units  of 
length  as  P  contains  units  of  force ;  and  in  OA  set  off  ON, 
containing  as  many  units  of  length  as  Q  contains  units  of  force : 
then  OM  and  ON  will  represent  P  and  Q  in  the  point  ot  ap- 
plication, in  direction  and  in  magnitude. 

The  learner  must  be  careful  to  speak  of  a  line  not  (M  a 
force  but  as  representing  a  force.  Thus  we  say  here  that  OM 
represents  the  force  P.  The  order,  in  which  tlie  letters  0  and 
M  stand,  serves  to  indicate  the  direction,  in  which  the  force  P 
acts-  OM  representing  a  force  that  acts  from  0  towards  M, 
whereas  MO  would  represent  a  force  of  equal  magnitude  act- 
ing from  M  towards  O. 

1  i).     yui)p()sc  0  to  bo  a  material  particle,  and  ^  Z^  a  straight 
lino  „t'uMliuiitod  length  passing  through  O. 


d 


J3 


3.  0  -^' 

If  two  forces,  Paud  Q.  act  simultaneously  on  0  in  the  same 
direction  OB,  they  are  equivalent  to  a  .ingle  force  P+  Q  acting 
along  OB. 


^^^2^L£2^^0Jv^^^T ^j.n  ^^s^,r^^  ^^^^^^ 


20-     If  tho  forces  P  and  Q  act 


in  opposite  directions,  OB 

And,  gonerally,  a  syatem  of  fo3actL  in  ,h      "  '"r* 
^^  on  a  Dartipl#»  n  i.  ^     •    /"^'*'  acting  in  the  same  line 

<'..e  direction,  overX  s„m  ,  f  H,„      "("r  '^°'^'''  "'"''''  "<"  '» 
d.e*,  and  ao^tZ'  dt::;:r„'}t'^«tr  L^'^'''' 

^.  the  parted  Z  'l^'l  "T^  '""^9'''  «»-. »"  a  free  particle 

bcg„,  to  move  m  some  definite  direction 


angles,  'to  p^rtidetinll^'  ""?."  '^  'f™  «>-  '«o  n-gUt 
and  further  the  t  J'"  ™»™  »"f»"»»«ly  along  ^Z>  f^tJer 

original  directions.    *  *"''  ^  '""""»*  *»  act  in  their 

to  ^ll^Z^^^t  i  \^  """"'"'  *•«'  "  -Sle  force  iJ 
particle  to  n,oTo trthesatr"""^^'''""  *°  <»'»«'  *« 
time,  as  it  would  ha™?.  T  ""^  '"  ""^  8*™"  "'t«"al  of 
".een  acted  o.ty^'TZo   T  '?  "'»'  ■'"^"al  had  it 

definition  :  ""''  *'  "■"^  "«  "^'ain  the  following 

offcc^srf  t^lTn^Z:!:f  "  '"'"™',™*  '»  ""«  -"Wned 
called  a  ,:.,^„Tlr'  ""'  «'™"a"t,  each  of  the  other  forces  i,' 
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Note.  In  Arts.  19  and  20  wo  treated  of  a  sinjile  force 
equivalent  to  a  systoni  of  forces  acting  in  the  same  straight 
line,  to  which  force  the  term  Resultant  may,  in  accordance 
with  tUo  dutiuition  just  given,  be  applied. 

22.  If  P  and  Q  be  equal  forces,  the  particle  A  will  move 
in  a  straijjjlit  line  bisecting  the  ang:le  BAC;  for  there  is  no 
reason  why  it  should  move  more  towards  the  direction  of  one 
force,  than  towards  the  direction  of  the  other.  Hence  the 
line  of  action  of  the  resultant  of  two  equal  forces  bisects  the 
angle  between  their  lines  of  action. 

23.  Now  suppose  a  particle  A  to  be  kept  at  rest  by  three 
forces  P,  Q,  S.  Then  S  may  be  regarded  as  neutralizing  the 
joint  effect  of  P  and  Q. 


Hence,  if  R  be  the  resultant  of  P  and  Q,  R  and  S  must  be 
equal  and  oj)posito  forces,  for  since  R  produces  the  same 
effect  as  that  which  is  produced  by  the  combined  action  of 
P  and  Q,  R  and  aS'  are  also  capable  of  keeping  the  particle 
A  at  rest,  and  this  they  cannot  do,  unless  they  be  equal  in 
magnitude  and  opposite  in  direction. 

24.    Illustrations  of  Component  and  Resultant  Forces. 

Since  a  clear  coucept.on  of  the  moaning  of  the  terms 
Component  and  Resultant  is  necessary  for  a  right  under- 
standing of  Statical  principles,  we  shull  give  in  this  Article 
J        I-  Ml..  .i.„  .*;.....,   ,..i,;,.i>  inoY  st»»'vo  ♦^o  ovT»l;«in  the  defini- 

two  ruugll  Uiuntr.;i/twii.->,   t»  utvii  liiitj  »v-.  *v  —J  -—J -  - 

tion  given  in  Art.  21. 


(2 


ojv^ojifPOArEArr  and  resultant  forces. 


^  is  a  block  of  stoiio  to  be  drawn  lUong  a  level  road  RD, 


f— 


s- 


.JL 


0 


K 


B 


Suppose  two  horses  to  be  attached  to  the  stone  at  O  in 
sach  a  nmnner,  that  each  exerts  a  force  along  the  ]inToHB 
one  at  21  and  the  otiier  at  B.  ^* 

Now  suppose  the  horses  to  be  removed  and  a  tmr-fmn 
engm.  to  be  applied  to  the  block  at  O,  so  as  to  movT  7n 
tie%ttrr ''^  ^^'^"^  '^''^  dra>;ing-power  a^'t^at  if 

The  horses  will  represent  the  Component  Forces. 

Ihe  traction-engine  will  represent  the  Resultant. 

banw:!^er  ""   ^'^'^   '''''   ''''''''''  ^^-^  '^^  the 


^  is  a  barge  in  the  middle  of  the  stream 

Suppose  two  horses  of  equal  power  to  be  pulling  at  ropes 

nclmed  at  equal  angles  to  the  line  /?  7' which  passes  along 
the  .mddle  of  the  stream,  parallel  to  the  banks.  ^ 

Iheu  the  barge  will  move  along  the  line  BT. 

in  ,^'^7,«"Pf f  t;^«  h«'*«««  to  be  removed,  and  a  steam-tu- 
^>  be  attached  to  the  barge,  so  as  to  move  it  in  the  direction 

wer;'^p,d,i;"gll;''  "^'""^  '"'"""*  ""'  '^  "'"'"^  ^'^""  "*"  ^^"^'*^"» 
The  horses  will  represent  the  Component  Forces, 
liie  steam- tug  will  represojit  tlie 


sultaiit. 
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""""25  ~From  the  two  illustrations  of  Component  and  lleBul- 
tant  Forces,  which  have  been  given,  we  may  derive  example! 
of  forces  in  Equilihrinm.  „.        < 

For,  first,  suppose  that  while  the  horscn  are  pulling  at 
the  stone  the  traction-engine  is  applied  to  the  orposite  ude  ot 
the  stone,  so  as  to  pull  the  stone  with  the  same  drawing-power 

as  that  of  the  horses.  .        .,1  x       *  *»,« 

Then  the  force  exerted  by  the  engine  will  counteract  the 

forces  exerted  by  the  horses,  and  the  three  forces  will  be 

in  equilibrium.  ,        xi.        r  :« 

Then   also   it   is   plain   that  when   three  forces   are  in 

equilibrium,  one  of  them  is  equal  and  opposite  to  the  resul- 

tant  of  the  other  two.  .-  .     xi.  ;i 

Precisely  the  same  results  will  follow,  if  m  the  second 
illustration  we  suppose  the  steam-tug  to  be  applied  to  the 
opposite  end  of  the  barge. 

26     Let  P,  Q  be  forces  acting  at  a  point  A,  and  P',  Q 

be  other  forces  acting  at  a  point  B  rigidly  connected  with 

1      If  P'    (^  produce  the  same  effect  as  that  which    is 


pn-d,  ced  by  P,  (I  then  the  resultant  of  P,  Q  lies^  m  the 
straight  line  joining  A  and  B.  For  suppose  the  resultant  of 
P'.  C/  to  h«  in  tho  dirc'ction  BT.  Then  the  force  counter- 
acting the  eflFect  of  P',  «^'  will  lie  in  the  line  BS  opposite 
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a^^A  ^f"^/'"«  force  is  to  counteract  the  effect  of  P  and 
V,  ^  d  t^  n;rur«  it  n»U8t  be  in  the  xauio  line  witli  AJi  the 
dure  I  the  resultant  of  />,  Q.  (Art.  23.)    Hence  the  re- 

»M»i,,     ot    ",  Q  passes  ff  /ough  //. 

27.     Before  proceeding  fnrther,  wo  will  state  three  axiou.s 
whi'^h  are  the  groicMiworIt  of  nmch  that  foljowa: 

Axiom  I-    A  force  maybe  supposed  to  act  at  any  point 
lij  thtt  li/»e  of  its  direction.    Art   17. 

for  tlieir  ^^'    ^''''''''  "'""^  ^'''''  equivalent  forces  substituted 
their  ^:Stlnt  is  7^!  '"^  ""'  '"^^^  ^"''^^-  '^^^  ^°  ^^^^ 


CHAi'TER  III. 
THK  PARALLELOGRAM  OF  FORCES. 

5S.  We  proceed  to  establish  an  important  theorem,  wltich 
eiiahloM  UH  to  determine  the  resultant  of  any  two  forces 
a'tting  at  a  point.  The  theorem  is  called  the  Parallelograni 
ol'  Forces,  and  may  be  thus  enunciated. 

//  two  forces,  acting  at  a  point,  he  represented  in  maftni- 
tude  and  direction  by  two  8trai(/ht  lines  drawn  from  that 
point,  and  if  a  parallelogram  he  constructed,  haninf  thcge 
two  tines  for  adjacent  sides,  then  that  diagonal  of  the  paral- 
lelogram, which  passes  through  the  point  of  applicai  on  of 
the  forces,  icill  represent  their  resultant  in  magnitud'  and 
direction. 

That  is,  if  the  two  forces  P,  Q  bo  represented  by  AB,  i  G, 
and  the  pamllclogram  ABDC  be  completed,  their  Vesultai.t  /? 
will  be  represented  by  the  dia<?oual  //  D. 


In  other  words,  if  AB  and  AG  contam  as  many  units  of 
length  as  P  and  Q  contain  units  of  force,  the  resultant,  /?, 
of  P  and  O  will  act  in  the  Vno  AD,  and  will  conUin  as  many 
units  of  force  as  AL>  couUiins  units  of  length. 


i6 
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29.    The  tnith  of  tliis  theorem  is  ilhistrated  by  the  follow- 
ing experiment. 

Two  small  pnllics  Jf  and  .Varc  attached  to  a  vertical  wall 
and  a  strn.g  is  parsed  over  them,  having  weights  of  '^  lbs.  and 
4  lbs.  attaclied  to  its  ends  A  weight  of  o  lbs.  is  then  sus- 
pended  from  a  point  A  of  the  part  of  string  between  the 
pulhes  :  this  will  draw  the  string  dovvzi  so  a.s  to  form  an  angle 
MAN,  and  the  apparatus  will  settle  itself  in  a  state  of  rest  as 
represented  in  the  diagram. 

The  tensions  of  the  strings  AM,  AN,  are  equivalent  to 
3  lbs.  and  4  lbs.,  and  their  resultant  is  equal  and  opposiio  to 
the  weight  6  lbs. 


Now  mark  off  a  distance  AD,  along  the  string  AM  con- 
taining turee  units  of  length,  and  a  distance  AC,  in  the 
direction  of  the  string  AN,  containing  4  units  of  length,  and 
complete  the  parallelogram  AJWC.  Then  it  will  be  found 
that  the  diagonal  AD  is  a  vertical  line,  and  therefore  in  the 
dyecUon  of  the  line  in  which  the  weight  of  a  lbs.  acts,  and 
If  AD  be  measured,  it  will  be  found  to  contain  r,  units  of 
length,  and  therefore  it  represents  the  weight  of  .5  llw  in 
magnitude.    This  shews  that  AD  represents  in  direction  and 

mairnitudo  thn  rosnUnnf  /»f  tl.p  f^rot^a  "—^ j^-  1  •      J- 

;•  .      ,"  ". — ""'*^ .  >rtcb  iuj)ic3t;in/ud  in  direciion 

and  magnitude  by  AB,  AC. 
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3U.     If  AB  and  AC,  the  sides  of  a  rhombus  ABDO 
represent  in  niiignitndo  and  direction  the  equal  forces  P  and 
Q,  which  a"t  at  the  point  A,  then  must  the  diagonal  AD 
represent  in  direction  Ry  the  resultant  of  P  and  Q. 
For  •:  AB  =  AC,  and  AD  \s  common,  and  BD=  CD, 
.-.  lBAD=  L  CAD,  (Eucl.  I.  8.) 

/.  AD  bisects  the  angle  between  the  directions  of  P  and  Q. 


But  the  direction  of  R  bisects  the  angle  between  the 
directions  of  P  and  Q.     (Ail.  22.) 

.*.  AD  represents  R  in  direction. 

Now,  by  the  principle  of  the  trans- 
missibility  of  force,  R,  acting  along  a 
rigid  rod  AD,  will  produce  the  same 
eifect  when  applied  at  D,  as  that  which 
it  produces  when  applied  at  A.  Hence 
for  P  and  Q  acting  at  A  we  may  sub- 
stitute R,  acting  in  the  direction  AD, 
at  Z>. 

Again,  R  acting  at  D  may  be  replaced  by  two  forces  F 
and  Q,  acting  in  direciions  parallel  lo  AB  and  J C  respec- 
tively, that  is,  acting  in  the 
directions  CD  and  BD,  thus  : 

Hence  if  ABDC  be  a  rhom- 
bus, whose  sides  are  rigidly  con- 
nected, two  eqiml  forces  P  and 
Q  will  have  the  same  effect  ou 
a  particle  A,  whether  they  be 
applied  along  AB  and  AC,  or 
aicns  CD  and  BD. 


s  a. 


S 
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31.  We  now  proceed  to  the  Mathematical  Proof  of  the 
Parallelogram  of  Forces,  which  is  divided  into  throe  Parts. 

Part  I.  To  prove  that  the  resultant  acts  in  the  direction 
of  the  diagonal,  when  the  component  forces  are  commen- 
surable. 

First,  to  shew  that  the  proposition  is  true  for  forces  P  and 
P.  When  the  component  forces  are  equal  their  resultant 
bisects  the  angle  between  the  directions  of  the  forces,  and 
therefore  acts  along  the  diagonal.  Thus  the  proposition  is 
true  for  P  and  P. 

N^xt,  to  shew  that  the  proposition  is  true  for  forces  P 
and  2P. 

Let  P,  Q,  R  be  three  equal  forces. 


B 


Let  P  act  at  A  in  the  direction  A  Z?,  let  Q  and  R  act  at 
A  in  the  direction  ACE.  Take  AB  and  AC  to  represent  P 
and  Q  in  magnitude,  and  since  R  may  be  supposed  to  act  at 
any  point  in  the  line  ACE,  which  is  rigidly  connected  with 
A  (Ax.  I.),  let  R  act  at  C,  and  take  CE  to  represent  R  in 
m«agnitude. 

Complete  the  parallelograms  B(\  DE,  and  draw  the 
diagonals  AD,  CF.  The  resultant  of  P  and  Q  acts  along 
AD  Let  P  and  Q  be  replaced  by  this  resultant  (Ax.  u) 
and  let  it  act  at  D.  Then  for  this  resultant  acting  at  D  we 
may  substitute  the  two  forces  P  and  Q,  acting  in^  the  lines 
Ujj^  JJ11 ,  vviiicn  aru  re.ipcv;UTfcij  pttuiiit!  v-«  ^  .j,  -i  -. 

Now  suuDose  P  to  act  at  C  and  O  to  act  at  F,    (Ax.  \> 
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"^t^pTuZ/zT^ti^OJiavo  a  result 

CF:  let  them  be  replaced  by  this  result.uit,  and  let  it  act 

""^  ^or  this  resultant  we  may  substitute  the  forces  P  and  R, 
acting  at  if  in  the  lines  ^jP  and  P/'.    (Ax.  ii.)  „    , .  , 

^  Thus  we  have  shewn  that  the  forces  P  and  Q^^  which 
are  apphed  at  A,  may  be  supposed  to  act  at  F  without 
altering  their  combined  effect ;  rp„.a<3-^» 

,.  F  is  a  point  in  the  direction  o'  the  resultant  of  P  and  Q  +  ^ 

(Art   25) 

'-  AF  is  the  direction  of  the  resultant  of  P  and  Q  +  72, 
that  is,  of  P  and  2P. 

By  a  similar  process  we  can  shew  that  the  proposition  is 
true  for  P  and  3P,  using  the  annexed  diagram. 


F  ^P 


S.milarly,  it  may  bo  shown  lu  be  true  fur  /^  and  4P  for  P 
and  5P,  and  so  for  P  and  mP,  m  bemgany  whole  number. 

Now  since  the  proposition 
is  true  for  mP  and  P,  it  may 
be  shewn  to  be  true  for  mP 
and  2P,  by  using  the  annexed 

ligure. 

So  also  it  may  be  shewn  to 
be  true  for  mP  and  3P,  for 
mP  and  4P,  and  so  for  mP 
and  nP,  n  being  any   whole 

number. 

Now  any  two  commensu- 
rable forces  may,  by  assignint; 
a  proper  value  to  P,  be  cx- 
nressedbv  niP  andwP. 

Hence  Part  1.  is  proved. 

2—2 
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32.     Part  11.    To  prove  that   the  resultai't  acts  in  tho 
irection  of  tho  diagonal,  if  tho  forces  are  inoitunensurable. 


'I 


Let  AB,  ^C  represent  two  inconinienaurable  forces. 

Complete  the  parallclof?rani  AIWC,  and  if  AD  be  not  the 
direction  of  tlie  resultant,  let  it  be  some  other  line,  as  A  F. 

Let  ^Cbe  divided  into  an  integral  number  of  equal  parts, 
each  less  than  DV,  which  is  always  possible,  and  mark  off 
from  CD  portions  equal  to  these,  the  Uist  division  E  clearly 
falling  between  D  and  V. 

Complete  the  parallelogram  CF  by  drawing  ^i^  parallel  to 
AC. 

Then  AC,  AF  represent  commonmrahte  forces,  and  tho 
resultant  of  the  forces  represented  by  AC,  AFmW  be  in  the 
direction  AE.  and  we  may  suppose  this  resultant  to  bo  sub- 
stituted for  them. 

The  resultant  then  of  the  forces  represented  by  AG  and 
^J5  is  equivalent  to  the  resultant  of  two  forces,  one  acting  in 
the  direction  AE,  tho  other  reproiscntod  by  FB,  and  which 
may  therefore  be  supposed  to  act  at  A  in  the  direction  AB\ 
and  this  resultant  must  lie  within  the  angle  BAE. 

But,  by  hypothesis,  it  acts  in  tho  direction  A  V,  icilhout  the 
same  angle,  which  is  absurd. 

In  like  manner  it  may  be  sriewn  that  no  direction  but  AD 
can  be  that  of  tho  resultant  of  the  forces  represented  by  AB, 
AC. 


I 
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Thus  the  tlieoroin  has  been  proved,  so  far  as  the  direction 
of  the  resultant  is  concerned. 

33.    Part  III.     To  prove  that  the  diagonal  repretents  the 
resultant  in  magnitude. 


Let  AB,AC  represent  the  component  forces  in  magnitudi 
and  direction. 

Complete  the  parallelogram  ABDC:  join  AD. 

In  DA  produced  take  AE  of  such  a  length,  as  to  represent 
the  magnitude  of  the  resultant  of  the  forces  represented  bj 
AB,  AG. 

Complete  the  parallelogram  AEFC:  join  AF. 

Now  AB,  AG,  AE  represent  three  forces  which  are  in 
equilibrium. 

Therefore  AB  represents  a  force  equal  avd  opposite  to  the 
resultant  of  the  forces  represented  by  AG,  AE  (Art.  23). 

But  the  resultant  of  the  forces  represented  by  AG,  AE  lies 
in  the  direction  of  AF. 

Therefore  ^5  is  in  the  same  straight  line  with  AF. 

Therefore  AFGD  is  a  parallelogram ; 

and  .'.AD^FG; 

but  FC=AE; 

:.AD  =  AE', 

:.  AD  represents  in  magnitude  the  resultant  of  the  forcos 
represented  by  AB,  AG.  ■ 
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37"\Vhei7wodeterimiio,  by  means  of  the  Parallelogram  of 
Forces,  the  single  f.)rce,  which  is  equivalent  in  its  etfect  to 
the  joint  effect  of  two  other  forces,  we  are  said  to  compound 
those  forces. 

We  shall  now  give  some  simple  examples  on  the  comp(»si- 
tiou  of  forces,  so  far  as  the  method  can  be  illustrated  by  easy 
Geometrical  processes.  The  foUowiiig  Theorems  are  of  fre- 
quent use : 

1.  The  diagonals  of  a  Square  bisect  the  angles. 

2.  The  diagonals  of  a  Rhombus  bisect  the  angles. 

3.  The  diagonals  of  a  Parallelogram  bisect  each  other. 

4  The  perpendicular,  dropped  from  the  vertex  of  an 
equilatcnil  triangle  on  the  base,  bisects  the  base,  and  also  the 
vertical  angle. 

Conse(iuently,  if  the  angles,  J,  J5,  (7,  of  a  triangle  be  90» 
60°  and  30"  respectively,  then  wiU  the  side  BC  be  double  of 
the  side  BA. 

3.5  If  two  forces  act  at  the  same  point,  in  directions  at 
right  angles  to  each  other,  to  find  the  magnitude  and  direc- 
tion of  their  resultant. 

Let  AG,  AB  represent  two  forces 
P,  Q,  acting  at  right  angles  to  each 
other  at  the  point  A. 

Complete  the  rectangular  parallelo- 
gram ABDG. 

Then  the  diagonal  AD  will  represent 
Ry  the  resultant  of  P,  Q. 

Now,  since  the  angle  DCA  is  a  right  angle, 

AD'  =  AC^^CD'\ 
j.AD'^ACr-  +  AB'; 

.'.R  =  JP^T¥; 
and  thus  we  obtain  the  magnitude  of  the  resultant 


The  direction 


of  the  resultant  is  known,  if  we  know  th^ 


I 


size  of  the  angle  DAG 
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F8r  cei-taiu  simple  relations  I'juweon  the  sides  of  the  tri- 
anjj^le  AD(\  we  can  determine  the  au-,'lo  DAC  by  {taometry. 
Thus,  if  yl /i  and  /^  c;  represent  equal  forces,  ^C  and  CD  are 
equal,  and  DAC  is  half  a  right  angle. 


EXAMPLKS  WORKED   OUT. 

1.  Twoforees  of  12  lbs.  and  1(5  lbs.  act  on  a  particle  in 
Hrections  at  right  angles  to  each  other :  find  the  magnitudt 
f  their  resultant. 

Let  AB  and  yl  6' represent  the  component  forces. 
Complete  the  rectangle  ABDC. 
Then  AD  rcpi-esents  the  resultant. 
Let  the  measure  of  ADho  x. 
Then  a?^  =  (16)»  +  (12)2; 

.-.  d;2  =  25G  +  144; 
.-.  a;2=400; 
.-.  a;=20. 
Hence  the  magnitude  of  the  resultant  is  20  lbs. 

2.     Two  forces  r/Slbs  each  act  at  an  angle  of  60"  on 
varticle:  find  the  magnitude  and  direction  of  the  resultant 

Let  AB,  ^C represent  the  component 
forces. 

Couipleto  the  rliombus  ABDC,  and 
draw  DE  at  right  angles  to  ^C  pro- 
duced. 

Then  •.'  iDCE=  l  BAC=60\ 
and  WBD  =  9(.f, 

:.    ^CDE=SO'; 
and  \  CD^2CE.     (Art.  34) 

Let  X  be  the  measure  of  AD. 

Then  •.•  AD^  =  AC'  +  CD'  +  '2AC.  CE\    (Eucl.  ii.  12^ 

.-.  ^2  =  8''*  +  8'^  +  2x8x4; 

.-.  ^--  =  64+64  +  64; 

.-.  a;2  =  64x3; 

.     a;  =  8^/3. 
Hence  tlie  magnitude  of  the  resultant  is  8  v'3lbi. 
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EXAMPLES  WORKED  OUT. 


The  diretiwn  of  the  resultant  can  also  be  doternuncd  For 
since  the  (liiig(»iiiil  of  the  rhombus  ABDC  bisects  the  angle 
BAC,  wo  know  that  the  resultant  makes  an  angle  of  30°  with 
each  of  the  components. 

Note.  By  the  use  of  Trigonometry  we  are  enabled  to 
work  examples  of  this  kind,  by  means  of  a  general  formula,  as 
we  now  proceed  to  shew. 

xxxvi.  If  two  forces  act  at  the  same  point,  and  the  angle 
between  their  lines  of  direction  is  given^  to  find  expressions 
for  the  magnitude  and  direction  of  their  resultant. 

Let  AC,  AB  represent  two  forces  P,  Q,  acting  upon  the 
point  Af  and  let  a  be  the  angle  between  their  lines  of  di- 
rection. 


Complete  the  parallelogram  ABDC,  and    produce   AC 

to  N. 

Then  the  angle  Z)(7iV=  a.    Som  AD. 

Then  AD  will  represent  R,  the  resultant  of  P,  ^. 
Now  we  know  by  Trigonometry  (Art.  179)  that 

AD^  =  AC'^  +  CD^ -2AC. CD  . cos  ACD ; 
also  (Trig.  Art.  101),    cos  ACD  =- coa  DCN 

=  —  cos  a , 
,\  AD^  =  AC^  +  AB^  +  2AC.AB.C0Ba; 
.'.  /<;»  =  P2+Q»  +  2PQ.cosa; 

and  thus  we  obtajn  an  expression  for  the  magnitude  of  tlie 
resultant. 

The  direction  of  the  resultant  is  known,  if  we  know  tlie 
gize  of  the  angle  DAC. 


EXAMPLES.—!. 


as 


Then^^-^  =  ^^P^-    (Trig.  Art.  178.) 

•  P   sin  0  =  Q.8inaco8  0-Q.co3a.sin«; 

*.•*.  8in  e.  (P  +  Q.  cos  a)  =  Q.8in  «  ^o^  ^5 
Q .  ain  a 


Examples. — I. 

1  Three  forces  of  Slbs.,  4lb8.  and  Slbs.,  respectively  act 
on  a  body,  their  directions  being  all  in^the  same  straight  hue: 
find  a  foui-th  force  which  will  balance  them. 

2.    Find  the  resultants  of  the  forces  ^Ibs.,  Ulbs.,  13lb8^ 
according  to  the  different  possible  arrangements  of  them, 
all  three  acting  in  the  same  straight  line. 

^  P  and  e  are  two  forces  applied  to  a  particle  in  direc- 
tions' at  rig"  a^Jes  to  one  another;  P  is  90 lbs.,  Q  is  l.Olbs.; 
find  the  magnitude  of  the  resultant. 

4     Forces  of  36lbs.  and  4Slbs.  act  on  a  particle  in  direc 
tions'  at  ri^it  angles  to  one  another :  find  the  magnitude  of  the 

resultant.  ,  ,aiv. 

K     Three  forces,  whose  magnitudes  are  6,  8  and  lOlbs 

other. 

6     Place  three  forces,  which  are  in  the  ratio  of  3,  4  and  5, 
go  that  they  may  Iteep  a  particle  at  rest. 

,.    If  two  forces,  opting  at  right  angles  to  ea.h  other,  be 
-  in  the  ratio  of  1 :  -«/3,  and  their  resultant  be  lOlbs,  find 

forces.  1     t 

8     Forces  of  3lbs.  and  5lbs.  act  on  a  point  at  an  angle  of 

30"   '  Find  the  magnitude  of  the  resultant. 

■9     Forces  of  lOlbs.  and  7lbs.  act  on  a  point  at  an  angle 

of  60°.    Find  the  magnitude  of  the  resultant. 

10     Forces  of  9lbs.  and  Ulbs.  act  on  a  point  at  an  angle 

of  nh\    Find  the  magnitude  of  the  resultant. 
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11.  Twc  forces  of  4lbs.  and  nlba.  are  inclined  to  one 
unothcr  at  lui  angle  of  45",  dotenuino  tiio  uiagnitude  of  tliuir 
resultant. 

12.  Two  equal  forces  act  upon  a  point  If  the  autflu 
between  their  directions  be  60",  find  the  resultant. 

\X  Two  forces  act  at  a  point.  Shew  that  the  forces  are 
equal,  if,  when  the  direction  of  one  of  the  forces  is  reversed, 
the  direction  of  their  resultant  is  at  rigiit  angles  to  the  direc- 
tion of  their  resultant  bef(U-e  the  change. 

14.  A  weight  of  10 lbs.  is  suspended  by  a  st  ing  AB  from 
the  fixed  point /I.  A  force  /^  acts  horizontally  at  Z?  on  the 
string.  What  must  b#the  magnitude  of  i'  in  order  that  the 
angle  ABF  may  be  120"/ 


mux 
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CHAPTER   IV. 


ON  THE  TRIANGLE  AND  POLYGON  OF 

FORCES. 


37. 


The  Triangle  op  Forces. 


//  thr.^e  forces,  aciiwj  at  a  point,  can  he  represented  in 
Jfnilude  and  direction  hy  the  sides  of  a  tnangle,  taken  zn 
order,  they  wilt  be  in  eqadthrium.        ^ 

Lot  AD,  DC,  CA,  the  sides  of  the  triangle  A  DC,  taken 
in  .!;.der,  represent  in  magnitude  and  direction  three  forces, 
P,  Q,  ^i,  iicting  at  the  point  O. 

Complete  the  parallelogram  ADCD. 


Then,  since  AD  is  equal  and  Pa-Hol  to  fjl.e^  force 
re,.rc8e,.ted  in  magnitude  and  direct.....  by  ^6  w.U 
represented  i«  mag..itude  a.,d  direction  by  AD. 

Therefore  the  forces  P,  Q  will  be  represented  in  niagnitode 
and  direction  by  AD,  AD. 

Now  ^C  represents  tlie  resultant  of  two  forces  represented 

h^AB,AD.  ,.      ^.       ., 

Hence  AC  represcts   in  magnitude  a..d  direction  the 

combined  effect  of  i*  and  e. 

Therefore  AC,  CA  represent  in  magnitude  and  direction 

tlit  combined  effect  of  P,  Q.  ii- 

But  forces  represented  by  AC,  CA  will  clearly  be  m  eq.n 

librium. 

Therefore  P,  Q,  R  will  "be  in  equilibrium. 


i.'f 
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NoTK.  The  converse  of  this  proposition  is  true,  that  in, 
if  throo  forces,  acting  at  a  point  be  in  0(piilibnuni,  they 
can  bo  represented  in  niaj,'nitu(le  and  ilirection  by  the  sides 
of  a  trianj,de,  talien  in  onler.  This  is  a  particnlar  case  of 
9  more  geuonii  theorem,  whieli  wo  now  proceed  to  prove. 

38.  If  three  forces ^  ac.ihig  at  n  point,  he  in  equilihrium, 
and  any  triangle  be  constructed,  having  its  sides  parallel  to 
the  directions  of  the  forces,  the  sides  qf  the  triangle  shcUl  be 
proportional  to  the  forces. 

Lot  P,  Q,  R  be  throo  forces,  which,  acting  at  the  point  A, 
are  iu  equilibrium. 


Let  ABy  ^C  represent  P  and  Q. 

Then  DA,  the  diagonal  of  the  parallelogram  ACDB,  will 
represent  R. 

Now  construct'a  triangle  MNO,  whose  sides  are  parallel  to 
the  sides  of  tlio  triangle  ADD. 

Then  ADD,  MNO  are  similar  triangles. 


Heiice 


and 


and 


MN  .NO^AB'.BD 
=  P  :Q 

NO'.OM^BD.DA 
=  Q  :R 

OM.MN^DA  .AB 
=^  R   :P. 


(Eucl.  VI.  4.) 


CoE.  If  two  forces  P  and  Q  act  at  a  point,  and  have 
a  resultant  R',  and  if  a  triangle  MNO  bo  constructed, 
Wqusu  oIUCB  are  p:ir:iiii;i  tu  x  ,  i^,  xt ,  vutu  luuau 

mN  •  NO    OM  =  P  -.Q-.Rf, 
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For  l(!i  A'  1h»  the  force,  which  would  lo  in  (q<iilil»ii>nn 
with  P  and  Q  :  tlion  tho  direction  of  R  is  oppoHito  to 
that  of  U\  and  thcroforo  tho  '"s  of  tho  triunglo  MNO 
aro  parallel  to  /*,  Q,  R,  which  are  in  cquilihriuiu : 

/.  MN  :  NO  :  OM  =  P  :  Q  :  R; 
and  tho  magnitude  of  Rf  =  magnitude  of  R, 

:.]\ty.NO\OM=^P  '.Q\Rf. 

xxxix.     //*  three  forces^  acting  at  a  point,  be  in  cqui* 
yihrium.  etich  finre,  is  proportional  to  the  sine  qf  the  angli 
ontained  between  the  directions  of  the  other  two. 


Lot  P,  Qf  R  bo  the  throe  forces : 

o,  ^,  y  the  angles  between  the  lines  of  direction  of  the 
forces. 

Construct  a  triangle  MNO,  whose  sides  MO,  ON,  NM  are 
parallel,  and  therefore  proportional,  to  /',  Q,  R. 

Produce  tho  sides  to  D,  E,  F. 

Then  the  exterior  angles  ONF,  NME,  MOD  are  equal  to 
a,  /3,  y  respectively. 

Now 

P.Q:R=MO  :ON:NM 

=  sin  0N3/ :  sin  NMO  :  sin  MON,  (Trig.  Art.  178), 
=  sin  ONF  :  sin  NME :  sir.  MOD,  (Trig.  Art.  lOl), 
=  sin  a  :  sin  /3  :  sin  y 
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The  I'oLvooN  ok  Forces. 


If  anynumher  of  forces,  acf'uKj  at  a  point,  can  f>p,  re- 
frreacnled  in  nuKjnitwle,  and  direct  ion  bf/  the,  sides  of  a 
piljigon  tahtn  in  order,  they  will  be  in  e</a.i/ibrinm. 

Let  any  number  of  forces  P,  Q,  H,  S,  T,  acting  at  the 
});>int  0,  bo  represented  in  magnitude  and  direction  by  the 
sides  of  the  polygon  ABODE,  taken  in  order,  thus,  AB,  BC, 
CD,  DE,  EA, 


aSI 


Join  AC,  AD, 

Now  Ali,  /i6'rc]>rosent  P,  Q  in  nn'rnitnde  and  direction  ; 

.*.  AC         rci>rosents  the  joint  rifect  of  P,  Q  

.".  AC,  CD  represent  the  joint  effect  of  P,  Q,  R   

.•.  AD         represents 

.•  AT),  Z>i5' represent  the  joint  effect  of  P,  Q,  R,  S 

.'.  AE         represents 

.".  AE,EA  represent  the  joint  effect  of  P,  Q,  R,  S,  T. 

Now  forces  represented  by  AE,  EA  will  clearly  be  in  equi- 
librium ; 

.'.  P,  Q,  R,  S,  T  will  be  in  equilibrium. 

Note.  The  convorso  of  this  proposition  is  true,  thnt  is,  if 
a  number  of  forces,  acting  at  a  point,  be  in  equilibrium,  they 
can  be  represented  in  :nagnitude  and  direction  by  the  sides  of 
a.  polygon,  taken  in  onler.  I'nt  it  is  inst  trn!»  tliivt  if  \\w.  Miiles 
of  any  polygon,  taken  in  order,  represent  tho  forces  in  direc- 


EXAMPLES.— rr. 


3^ 


i.ion  tliey  will  ivX^o  represent  them  in  niai^mitvule,  bec.un^-c  tlie 
^ides  ahont  the  eipuil  tnigles  of  equiangular  polygons  are  not 
necessarily  proportional 


Examples.— II. 

The  following  are  Examples  to  illnstrate  the  principles 
explained  in  this  and  the  preceding  Chapters. 

1.  If  two  equal  forces  P  and  P,  acting  at  an  angle  of  60°, 
have  the  same  resultant  as  two  equal  forces  Q  and  Q,  acting 
at  right  angles,  shew  that  P  :Q=  >J2  :  sj'3. 

2.  Two  forces  make  an  angle  120°  with  each  other.  If  a 
third  force  equal  to  one  of  them  form  with  them  a  system  in 
equilibrium,  compare  the  magnitudes  of  the  forces. 

3.  (1)  ABGD  is  any  quadrilateral,  and  E,  F  are  the  middle 

points  of  BG,  AD.     Prove  that  the  system  of  forces 
represented  by  AE,  DE,  BF,  CF  is  in  ecprilibrium. 
(2)  If  two  forces  are  represented  in  magnitude  and 
direction  by  a  side,  length  S,  and  diagonal  of  a  square : 
shew  that  the  square  of  their  resultixut  will  be  equal 
to  5S\ 
4     The  direction  of  each  of  two  equal  forces  makes  with 
that  of  a  third  force  an  angle  of  150°.     If  the  three  forces  be 
in  equilibrium,  compare  their  magnitudes. 

6.  (1)  Forces  are  represented  by  the  sides  AB,  AG  of  a 
triangle  ABG.  If  their  resultant  passes  through  the 
centre  of  the  circle  described  about  the  triangle  ABG, 
ju'ove  that  the  triangle  is  either  isosceles  or  right- 
angled. 
(2)  If  three  forces  in  arithmetical  progression  keep  a 
particle  at  rest  when  the  least  acts  at  right  angles  to 
the  greatest,  prove  that  the  common  difierence  is 
one-third  of  the  least  force. 

6.  Two  forccF!,  of  2  lbs.  and  3  lbs.  respectively,  act  at  a 
pohit,  their  directions  making  an  angle  of  GO''  with  each  other. 
Find  the  magnitude  of  their  resultant. 

7.  There  are  two  forces  acting  at  a  point  making  an  angle 
of  60°  with  each  other:  the  resultant  is  a  foi'ce  of  3  lbs.,  and 
one  of  the  component  forces  is  2  lbs. :  tind  the  otlier. 
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EXAMPLES.— JT. 


8.  Two  forces,  P  ard  \/2 .  P,  act  upon  a  particle.  P  acts 
towards  the  West,  ^JI.P  towards  the  North-East.  Fmd  tlie 
direction  and  magnitude  of  their  resultant. 

9.  Three  forces  P,  \/3.P,  and  2P  act  on  a  particle. 
What  must  be  the  angles  between  their  respective  directions, 
in  order  that  there  may  be  equilibrium  ? 

10.  Three  forces,  P,  Q,  R,  acting  upon  a  particle,  keep  it 
in  equilibrium.  P  acts  towards  the  North,  Q  towards  the 
East,  and  R  towards  the  South-West.  Find  the  ratios  between 
the  forces. 

-  11.  If  three  equal  forces,  acting  upon  a  particle,  keep  it 
at  rest,  shew  that  their  directions  must  be  equally  inclined  to 
each  other. 

12.  If  the  component  forces  be  inclined  at  120",  and  the 
resultant  be  perpendicular  to  one  of  them,  compare  the  forces. 

13.  If  the  forces  be  B  and  2P,  and  the  angle  between 
them  four-thirds  of  a  right  angle,  determine  the  magnitude  of 
the  resultant. 

14.  If  two  forces,  acting  at  right  angles  to  each  other, 
have  a  resultant,  which  is  double  the  smaller  of  the  two  forces, 
find  its  direction. 

15.  If  two  forces  be  inclined  to  each  other  at  an  angle  of 
135<*,  find  the  ratio  between  them,  when  the  resultant  is  equal 
to  the  smaller  force. 

16.  Two  strings,  at  right  angles  to  each  other,  support  a 
weight,  and  one  string  makes  an  angle  of  30"  with  the  vertical 
line.     Compare  the  tensions  of  the  strings. 

17.  What  will  be  the  direction  of  the  resultant,  (1)  if  one 
of  the  components  be  twice  as  great  as  the  other,  and  the 
angle  between  their  dii-octions  120  degrees,  (2)  if  the  com- 
ponents be  equal,  and  one  act  due  East,  and  the  other  North- 
West? 

18.  li  AB,AC  represent  two  forces,  and  D  be  the  middle 
point  of  DC,  then  the  resultant  will  act  along  AD,  and  its 
magnitude  will  be  represented  by  2 AD. 

\3.  If  three  forces  keep  a  point  at  rest,  prove  that  the 
angle  between  the  two  greatest  is  larger  than  the  angle  be- 
tween any  other  two. 
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20  Sl»o\v  thiit  if  the  aii>lo,  at  wliicli  ivo  forces  are  iii- 
clincMl  to  cacli  other,  bo  increased,  tlieir  resultant  is  di- 
niinisjiod. 

21 .  The  ends  of  a  string  are  t:ed  to  the  rings  of  a  picture, 
and  tlie  string  is  tlien  passed  over  a  nail,  from  which  the 
picture  hand's.  Sliew  that  the  h)nger  the  siring  the  less  will 
1)0  the  tension.  Will  the  pressure  on  the  nail  be  affected  by 
the  length  of  the  string  I 

22.  A  string  passing  round  a  smooth  peg  is  pulled  at 
each  extremity  with  a  force  equal  to  the  strain  on  the  peg; 
find  the  angle  between  the  directions  of  the  two  portions  of 
the  string. 

23.  Four  equal  forces  act  on  a  particle.  What  are  the 
conditions  of  equilibrium  V  * 

24.  ABDC'xi.  a  parallelogram,  and  AB  is  bisected  in  E\ 
prove  that  the  resultant  of  the  forces  represented  by  AD,  AC 
is  double  of  the  resultant  of  those  represented  by  AE,  AC. 

25.  The  two  systems  of  forces  (P,  Q,  R)  and  (P,  Q,  R')  at 
the  same  point  are  expressed  by  the  "Parallelogram"  and 
"Triangle  of  Forces"  respectively.  What  is  the  relatitm  be- 
tween R  and  R'l 

26.  Four  forces  represented  by  AB,  BC,  CD,  DE  act  on 
a  point,  and  are  balanced  by  the  single  force  represented  by 
AX.    What  is  the  position  of  XI 

27.  A  point  is  taken  within  or  without  a  quadrilateral, 
and  lines  are  drawn  from  it  to  the  angular  points  of  the 
quadrilateral;  prove  that  the  resultant  of  the  forces  repre- 
*ientcd  by  these  lines  is  represented  by  four  times  the  line 
joining  this  point  and  the  point  of  intersection  of  the  Hnes 
joining  the  middle  points  of  the  opposite  sides. 
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CHAPTER   V. 

ON  THE  RESOLUTION  OF  FORCES 

41.  If  we  have  a  single  force  given,  represented  by  AD 
ve  can  describe  an  infinite  number  of  parallelograms,  such  as 
ABDC,  having  AD  as  diagonal. 


Hence  we  can  obtain  aif  infinite  number  of  pairs  of  com- 
ponents, having  as  their  resultant  the  force  represented 
by  AD. 

42.    If  we  have  a  single  force  given,  represented  by  A  D 


Li 


a'^d  wo  are  required  to  find  a  pair  of  components,  one  of 
WiJch  shall  act  in  a  given  direction  Ax,  we  can  describe  an 
infinite  number  of  parallelograms,  such  as  ABDC,  having  AH 
as  diagonal  and  one  side  AB  lying  along  Ajk. 

Hence  we  can  obtain  an  infinite  number  of  pairs    4'  com 
poneuts.  of  which  one  acta  in  the  given  direction. 


I 


II 


ON  THE  RESOLUTION  OF  FORCES. 


35 


43  But  there  is  only  one  parallelogram  having  AD  as 
diagonal,  one  side  AB  lying  along  Ax,  and  another  side  AG 
making  with  AB  a  right  angle  at  A. 

Hence  we  can  obtain  only  one  pair  of  components  of  a  given 
force,  such  that  one  force  acts  in  a  given  direction,  and  the 
other  perpendicular  to  that  direction.  These  are  called  the 
resolved  parts  of  the  given  force  in  their  own  respective  direc- 
tions, and  we  give  the  following  definition : 

Dep  The  resolved  part  of  a  given  force  in  any  direction 
is  the  force  acting  in  this  direction,  which  will,  with  another 
force  acting  in  the  pei-pendicular  direction,  have  the  given 
force  for  their  resultant. 

44.  To  find  the  resolved  part  of  the  force  represented  by 
AD  in  ihe  direction  Ax. 


Drop  DB  perpendicular  to  Ax. 


Complete  the  parallelogram  CABD,  having  CAB  a  right 
angle. 


r.iii 


; 


s 


Then  tha  forces  represented  by  AC,  AB  act  at  right  angles 
to  each  other,  and  have  the  force  represented  by  ^2>  for  their 
resultant,  and  the  force  represented  by  AB  acts  along  Ax ; 
.-.  AB  represents  the  resolved  part  of  the  force  represented  by 
^Z>  in  the  direction  Ax. 

45  In  Art.  46  we  shall  explain  what  the  resolved  part 
of  a  force  iji  a  given  direction  indicates  physically;  \>ut 
first  we  must  discuss  the  meaning  of  a  phrase,  which  we 
shall  have  to  employ  in  this  explanation. 
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ON  THE  RESOLUTION  OF  FORCES. 


Suppose  Ax  and  Ay  to  be  two  lines  at  right  angles  to 
each  other,  and  a  particle  to  travel  along  Az  from  A  to  .-. 
Draw  «m,  zn  at  right  angles  to  Ax,  Ay. 


r 


jr 


Then  when  the  particle  has  reached  z  it  has  gone  as  fj^r 
ill  the  direction  of  Ax  aa  if  it  had  travelled  along  Ax  from 
^  to  m.  For  if  NM  be  a  line  perpendicular  to  Ax^  the 
particle  is,  when  at  z^  as  much  nearer  NM^  as  it  would  be  if  it 
were  at  m.  Similarly,  when  at  z  it  has  gone  as  far  in  the 
direction  of  Ay,  as  if  it  had  travelled  along  Ay  from  A  to  n. 

So  that  we  may  say  that  while  travelling  through  Az,  it  has 
gone  a  distance  equal  to  ^m  in  the  direction  Ax,  and  a 
distance  equal  to  An  in  the  direction  Ap. 

46     Next,  suppose  the  particle  -4  to  be  acted  on  by  a 
force  .R,  represented  in  magnitude  and  direction  by  AD. 
Drop  perpendiculars  DB,  DC,  on  Ax  and  Ay. 


Then  AB  and  AC  will  represent  the  resolved  parts  of  R  in 
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the  directions  Ax,  Ay ;  and  these  resolved  parts  we  will  call 

P  and  Q. 

Now  if  the  particle  were  acted  on  by  Q  alone,  it  would  have 
no  tendency  to  move  in  the  direction  Ax,  and  if  by  P  alone,  it 
would  have  no  tendency  to  move  in  the  direction  Ay.    But  if 
it  were  acted  on  by  R  alone,  it  would  have  a  tendency  to  move . 
botl»  in  the  direction  A.c  and  also  in  the  direction  Ay.   There- 
fore if  it  were  acted  on  by  P  and  Q  together,  it  would  have 
the  aaine  tendency ;  but  of  these  Q,  as  we  have  seen,  has  no 
tendency  to  move  it  in  the  direction  Ax.   Hence  P  must  have 
the  same  tendency  to  move  't  in  the  direction  Ax  that  72  has. 
hi    other    words,  the    resolved    part    of   a    force    /2    in   a 
given  direction  Ax  is  the  force,  which  by  itself  would  give* 
as  much  motion  to  a  particle  in  the  direction  Ax^^^R  does 
in  this  direction. 

We  conclude,  therefore,  that  the  resolved  part  of  a  force  in 
iiny  direction  represents  the  tendency  which  the  given  force 
has  to  move  the  particle  acted  on  in  that  direction. 

xlvii.    Now  suppose  a  force  R  to  make  with  Ax  2^x\.  angle  Q, 


From  any  [«»iiii  D  in  /i's  hue  ot  action  drop  perpendiculars 
DIK  DC,  on  Ax  and  Ay. 

Then,  \i  AD  represent  R  in  magnitude, 

A  B  represents  the  resolved  part  of  R  in  direction  Aat, 

AC ^y- 

Now  AB=^AD.cune; 

.'.  resolved  part  of  R  in  direction  Aje  =  R.co»0. 

Hence  we  obtain  the  following  rule : 

To  find  the  resolved  part  of  a  force  in  any  given  direction, 
midtiply  the  force  by  the  cosine  of  the  angle  between  the 
direction  ofth&jarce  ana  rhe  (riven  direction. 


Kill 
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ON  THE  RESOLUTION  OF  FORCES. 


N.B.  The  following  is  a  case  of  frequent  occurrence.  We 
have  to  find  at  the  same  time  the  resolved  part  of  a  force  in 
each  of  two  directions  at  right  angles  to  one  another. 

Taking  the  notation  of  the  last  article, 
resolved  part  of /2  in  direction  Ax-R.Q.Q%By 

resolved  part  of  R  in  direction  Ay  =  R  .Qo%\"^-B\~R.miQ. 

'  xlviii.     We  may  now  proceed  to  fivid  the  resultant  of  any 
number  of  forces  acting  iii  one  plane  at  a  point. 

Through  the  point  A  draw  two  lines  Ax,  Ay  at  right 
angles  to  each  other  in  the  piano,  in  which  the  forces  act. 


Let  o  be  the  angle  which  one  of  the  forces,  P,  makes 
with  Ax. 

Then  P  is  equivalent  to  P .  cos  n  acting  in  the  direction 
of  Ax,  together  with  P .  sin  a  acting  in  the  direction  of  Ay. 

Similarly  if  P'  be  another  of  the  forces,  making  an  angle  a' 
with  AXy 

P'  is  equivalent  to  P' .  cos  a  acting  in  the  direction  Ax, 
together  with  P .  sin  a  acting  in  the  direction  Ay. 

Hence,  for  any  number  of  forces  P,  P making  angles 

a,  a with  Ax, 

all  the  forces  are  equivalent  to 

P.cosa  +  P.cosa  + in  the  direction  Ax, 

together  with  P .  sin  a+  P  .sin  a'+ in  the  direction  Ay. 

For  shortness'  sake  let  P .  cos  n  +  P' .  cos  n'  + ^  X, 

and  P.»>n  t+P  .sina'-*- =  Y, 
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"Aiglet  R,  the  resultant  of  all  the  forces,  make  an  angle  9 

witk  -  X. 

/.  R  is  the  resultant  of  X  and  F, 

which  act  at  right  angles  to  one  another,  and  B  makes  an  angle 

e  wivh  X,  and  therefore 

Ri  =  X'^+  Y\  which  gives  the  magnitude  of  the  resultant, 

tan  d=  ^,  which  gives  the  direction  of  the  resultant 

xlix.  To  find  the  conditions  qf  equilibrium  qf  a  system 
of  forces  acting  in  one  plane  at  a  point. 

Wo  have  seen  that  the  Resultant  of  any  number  o^  force* 
p^  p may  be  determined  in  magnitude  from  the  equation 

where  X=P.co8«+P'.co8«'+ 

and  y=P.8ina4-P'.8ina'  + 

Now  in  order  that  P,  P'...may  be  in  equilibriimi,  their 
resultant  must  be  zero  (Art  27) : 
that  is,  ^  =  ^» 

But  as  the  left-hand  member  of  this  equation  consists  of 
two  terms,  which,  being  squares,  are  essentially  positive  their 
sum  cannot  be  equal  to  0,  upless  each  be  separately  equal  to  0; 
that  is,  X2=0,and  r^=0, 

and  therefore  Z=0,  and     F=0, 

.-.  P.cosa  +  P'.cosa +&c.  =  0, 
and  p.sina+-P'.8ina+&c.=0. 

These  are  the  conditions  of  equilibrium,  which  may  be  ex- 
pressed in  words  thus  : 

"The  sums  of  the  forces  resolved  in  any  two  directions  in 
the  plane  if  the  forces  at  right  angles  to  each  other  xm&t  bo 
severally  zero." 
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EXAMPLES.-IIL 


Examples. — III. 

1.  Resolve  a  force  of  12  lbs.  into  two  forces,  of  which  one 
ig  at'right  angles  to  it,  and  the  other  makes  an  angle  of  3(»« 
with  it. 

2.  llesolve  a  force  of  10  lbs.  into  two  forces,  each  making 
an  angle  of  (1)  30^  (2)  GOO  with  it. 

a  What  is  the  cosine  of  the  angle  at  which  the  forces  9,  U, 
must  act  that  their  resultant  may  be  equal  to  the  greater 
force  ? 

4.  Shew  how  to  resolve  a  given  force  into  two  others,  (1) 
when  they  are  of  given  magnitude,  (2)  when  their  direction.4 
are  given. 

5.  Find  the  resultant  of  two  forces  of  l:ilbs.  each,  repre- 
seuted  by  AB  and  AC,  BC  representing  a  force  of  10  lbs. 

6.  If  a  force  represented  by  AB  be  decomposed  into  two 
others  represented  by  ^ICand  AD,  whereof  AC=^AB,  show 
that  Caud  l>  he  on  the  circumferences  of  certain  circles. 

7.  Shew  that  the  sum  of  the  squares  of  the  resultants  of 
two  forces  and  of  one  of  the  forces  and  the  other  reversed  is 
independent  of  the  inclination  of  the  forces. 

8.  Two  pictures  of  equal  weight  are  suspended  symmetri- 
cally by  cords  passing  over  smooth  pegs;  the  two  portions  of 
the  cord  in  one  case  making  an  angle  of  60«,  and  in  the  other 
an  angle  of  120"  with  each  other :  compare  their  tensions. 

9.  If  the  force  12  be  decomposed  into  two  others,  9  and  G, 
what  are  the  cosines  t)f  their  inclinations  to  the  force  12  I 

10.  A  and  li  are  fixed  points  on  the  circumfeieiice  of  a 
circle  P  any  other  point  on  the  circumference;  shew  that  if 
two  constant  fo>ces  act  along  PA  and  P/i,  their  resultant  will 
pass  through  one  point  for  all  positions  of  P. 

11.  Two  weights  P  and  Q  are  joined  together  by  a  string, 
and  laid  on  the  circumference  of  a  vertical  semicircle,  which  is 
tAvi<-e  the  length  of  the  string.  Find  the  position  of  equi- 
librium. 
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■^  12     Show  that  if  eight  forces,  acting  on  a  particle,  ho  ro,  re- 

oflho  oppo-ito  8ide»,  they  will  form  »  »J«t«m  m  equ,hl,n«m. 

13  ^D  is  a  quadrant  of  a  circle,  vliose  centre  is  0-,D,0 
dividt  the  arc  AD  into  three  equal  parts;  forces  8  4  4,  6  act 
tC^oHoB,  OC,  OD  respectivoly:  determine  their  result. 

ant 

14.  Shew  that  if  four  forces  act  at  a  point  in  t^^f '•^"^J^^" 
nr«  nf  a  dTcle  and  he  represented  in  magnitude  and  direction 

poi  s  of  a  square  inscribed  in  the  circle,  their  resultant  wdl 
To  represented  by  four  times  the  straight  lino  drawn  from  the 
given  point  to  the  centre  of  the  circle. 

15     Through  a  point  O,  within  a  parallelogram  ^5CA 

.     !ht  lines  POQ  MON  are  drawn  parallel  to  the  sides,  and 

:^:tg   "/I  bTcd%A  in  P,  M.  QN  respectively :  sh^ 

thatif  three  forces,  acting  on  a  particle,  be  represented  by  FM. 

NQy  CA,  they  will  form  a  system  in  equilibrium. 
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CHAPTER  VI. 


ON  PARALLEL  FORCES. 


60.     To  find  the  re%ultant  of  two  forces,  ichose  directions 
arc  parallel,  ncling  on  a  rigid  body. 

Case  L    When  the  forces  act  towards  the  same  parts. 


S^ 


^S' 


Let  Ay  B  1)0  aiiv  two  points  in  the  lines  of  action  of  the 
two  forces  P,  Q,  acting  in  the  parallel  directions  AP,  BQ. 

At  A  apply  any  force  S  in  the  direction  BAS,  and  at  B 
apply  an  equal  force  «S''  in  the  direction  ABS'\  this  will  evi- 
dently not  affect  the  combined  action  of  the  other  forces. 

Now  Sy  P,  acting  at  A,  are  equivalent  to  a  single  force  R 
acting  iu  some  direction  Ail\  and  JS\  Q,  Jictiug  at  B^  are 
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e<,uiv«lo,.t  to  a  mnglo  Crcc  R' ,  acting  n.  ""  """'^^"^  ^,;"  J^^l 
lit  tho,«  tw,.  pai™  of  forces  l.c  replace.!  ^^^^  ^aThIC 
direction,  will  n,ect  in  some  po.nt  O  «"'=«*y'  "',;,."", 
are  together  less  than  two  right  angles:  and  let  the  point, 
application  of  R\  «"  1-e  transferred  to  O. 

Draw  OCi?  parallel  to  AP  au.l  fl<2.  and  SOS'  parallel  to 
AB. 

Now  let  R;  acting  at  0,  bo  rosoWcl  into  two  component. 

Itf  Oy  and  0C\  which  will  clearly  bo  i"  and  «. 

Then  5  and  ^S  being  equal  and  opposite,  -^^"^^^,, 

each  other,  and  n.ay  t"o-f-°    "".••"'""™;  '  "'"'  '"""  " 
remain  P  and  <i  acting  at  0  m  the  Ime  06/J. 

Hence  if  R  be  the  resultant  of  P  and  «,  7^"'™  "«'^j^ 
acts  in  a  directlm  parallel  to  the  duect.ous  of  P  a.>d  Q, 
that  its  magnitude  '\a  P  +  Q- 

Again,  in  the  triangle  AGO, 

the  Bides  are  proi-nrtional  to  ,?,  P,  i?,  (Art.  3S,  Cor.); 

and  in  the  triangle  BCO^ 

the  ..Jes  are  proportional  to  S\  Q,  R",  (Art.  38,  Cor.); 

p     s'     00     BG, 

-s''q^ag''og' 

PBG 

'''Q'AG' 

H.,ce  the  resultant  pa.es  ^^^V^l;^^^  Oividea 
AB  iuLo  segments  inversely  propurwuiu.  .o  t»e  loi— . 
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(^ASE  £1.     When  tho  forces  act  towurda  opposite  parts. 

Let  J  and  B  be  any  two  points  in  the  lines  of  action  of  the 
two  forces  P,  Q,  vvhicli  act  in  tho  parallel  directions  AP^  BQ^ 
and  8Ui)pose  Q  to  be  greater  than  P. 

At  A  aj)ply  any  force  S  in  the  direct'on  BAS^  and  at  B 
apply  a  force  *S"=AS'in  tlie  direction  ABS'.  Then  S  and  P, 
acting  at  A,  have  a  resultant  R;  and  aS"  and  Q  acting  at  B 
have  a  resultant  R". 

Let  the  directions  of  R'  and  R"  meet  in  O.  Draw  aS'OaS" 
parallel  to  AB, 


At  0  resolve  the  force  R  into  two  components,  a^,  acting 
along  OS,  and  P,  acting  along  ROC,  parallel  IjO  -4P  and  Bi^. 

Also  resolve  /Z"  into  two  components,  aS^'  acting  along  0S\ 
and  Q  acting  along  COR. 

Then  *9  and  «S",  being  equal  and  opposite,  will  counteract 
each  other,  and  may  be  removed,  and  if  R  bo  tho  resultfint  of 
P  and  Qj  there  will  remain  a  force  acting  along  COR,  sucJi 
that 

R=Q-P. 


EXAMPLES.— IV. 
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Also,  •/  the  sides  of  b.  AGO  are  parallel  to  F,  /?',  'S 
and  the  sides  of  a  BCO  are  parallel  to  Q,  /<!",  S\ 

.-.(Art.  38.  Cor.),  ^,=  j^„  and  ^  ^^  ^^. 


P      aS^' 


OC     BC        ,   .P  __i^ 
AC^'OG'^Q"  AG' 


Note.      We  have  supposed  Q  to  be  greater  than    P 
We  will  now  shew  that,  this  being  the  case,  the  diagmni  is 
correctly  drawn,  that  -is,  the  directions  of  R'  and  R'  will 
meet  in  a  point  O  on  the  side  of  Q  remote  from  P. 

If  two  forces  act  at  a  point,  the  more  one  force  is 
increased,  the  smaller  will  be  the  angle  between  it  and 
the  resultant. 

Now,  S'  =  S,  and  Q  is  greater  than  P,  and  .-.  /?",  the 
resultant  of  Q  and  S\  makes  vvnth  Q  an  angle  less  than 
that,  which  R\  the  resultant  of  P  and  S,  makes  with  P. 

Hence  l  O^C  is  less  than  lOBG, 
and  .-.  L'OAG,  OB  A  are  together  less  than  two  right  l  ' : 

•  the  directions  of  R  and  R'  meet,  when  produ'ced,  on 
the*  wr  side  of  AB.  But  the  part  of  the  direction  of 
B"  on  this  side  of  AB  lies  also  on  the  side  ot  Q  remote 

from  P. 

.*.  0  must  be  on  the  side  of  Q  remote  from  P. 


Examples. — IV. 
Suppose  A  and  B  to  be  two  points  in  a  rigid  body,  and  P 
and  Q  to  be  two  parallel  forc^^s,  acting  in  the  same  direction 
through  A  and  B,  their  resultant  R  passing  through  tho 
point  Cin  the  line  AM,  then  solve  the  following  questions: 

(1)  If  P =20 lbs.,  Q  =  30 lbs.,  and  AG  =5  inches,  find  BG. 

(2)  UR= 28lbs.,  P  :  Q  =  3  :  4,  and  AB  =  1  inches,  find  A  G. 

(3)  If  ie  =  14ilb8.,  Q  =  8oz.,  and  AG=2  inches,  find  AB. 
If  P  and  Q  act  in  opposite  directions,  and  G  be  a  point  in 

AB  produced,  solve  the  foUowing  questions: 

(4)  P  =  3lbs.,  Q  =  5lb8.,  AB=  12  inches,  find  AG. 

(5)  P=10lb8.,  ^C7=18inche«i   4 Z^  =  6  inches,  find  <^ 
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61.  Centre  of  Parallel  Forces. 

Tlio  proposition,  which  we  have  just  proved,  enables  ua  to 
find  the  resultant  of  any  number  of  parallel  forces,  acting  at 
different  points  of  a  rigid  body. 

For  let  P,  Q,  /?, be  any  number  of  parallel  forces, 

acting  at  Ay  -5,  C, points  in  a  rigid  body. 


Thelh  P  and  Q  are  equivalent  to  a  single  force  P  +  Q, 
acting  at  a  point  E  in  the  straight  line  AB^  such  that 

P'.Q^BE.AE. 

Hence  P,  Q  and  R  are  equivalent  to  the  parallel  forces 
P+  Q  and  i2,  acting  at  the  points  E  and  C. 

Then  P  +  Q  and  R  are  equivalent  to  a  single  force 
P^QatR  acting  at  a  point  F  in  the  straight  line  EG,  such 

that 

P-^Q\R  =  CF\EF, 

and  thus  any  number  of  parallel  forces  may  be  reduced  to  a 
single  resultant. 

Now  the  position  of  the  point,  at  which  this  resultant  acts, 
does  not  depend  on  the  direction,  in  which  the  component 
forces  act,  but  only  on  their  relative  magnitude  and  their 
I>oints  of  application.  Hence  if  these  component  forces  be 
turned  about  their  points  of  application  in  any  manner,  still 
remaining  parallel,  the  point,  at  which  their  resultant  acts,  will 
still  be  the  sarnc.  For  .his  reasou  that  point  is  called  th4 
centre  of  the  parallel  forces. 
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62.  If  three  forces,  acting  upon  a  rigid  body,  balance  each 
other,  the  lines,  in  which  they  act,  must  either  be  parallel  or 
pass  through  a  point. 

Fig.  II. 


I /€?  ^    Q,  R  be  the  forces. 

First,  suppose  P  and  Q  to  be  parallel  (as  in  fig.  i.). 

Then  they  will  have  some  resultant,  acting  in  a  direction 
parallel  to  each  of  them.  But  this  f t  ■  e  s,  ace  it  counteracts 
R,  must  be  in  direction  exactly  opposite  to  the  direction  in 
which  R  acts. 

Consequently  the  line,  in  which  R  acts,  must  be  parallel 
to  the  directions  of  P  and  Q. 

Next,  suppose  the  lines  of  direction  of  P  and  Q  to  meet  in 
a  point  0  (as  in  fig.  ii.). 

Then  the  resultant  of  P  and  Q  will  pass  through  the 
point  O. 

But  this  force,  since  it  counteracts  R,  must  be  in  direction 
exactly  opposite  to  the  direction,  in  which  R  acts. 

Consequently  the  line,  in  which  R  acts,  must  pass  through 
the  point  O. 


CHAPTER  VII. 

ON  THE  £(«UILIBRIUM  OF  A  BODY  MOVEABLE 
ROUND  A  FIXED  POINT. 

53.  If  P  and  Q  be  two  forces  acting  in  one  plane  at 
points  A  and  B  of  a  rigid  body,  and  O  be  a  fixed  point  of  the 
body,  about  which  the  body  might  turn  freely,  then,  if  under 
the  action  of  P  and  Q  the  body  be  at  rest,  the  resultant  of  P 
and  Q  must  pass  througli  O.  For  it  is  plain  that  any  single 
force,  acting  on  the  body  and  not  passing  through  0,  will  cause 
the  body  to  turn  about  O. 


Fig.  I. 


Fig;  n. 


For  the  sake  of  simplicity  let  us  suppose  that  the  body  in 
question  is  a  rigid  rod,  without  weight,  moveable  about  a  fixed 
point  O. 

Then,  if  P  and  Q  be  i)arallel,  their  resultant,  72,  will  be 
parallel  to  both  (as  in  fig.  i.). 

And  if  P  and  Q  be  hot  parallel,  and  C  be  the  point,  in 
^u;„K  fiw.;«  i;.,oa  f,f  /iJvonHmi  nio«>t,  COR  will  be  the  lino  of 

direction  of  the  resultant  of  R  (as  in  fig.  n.). 
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54.  A  rigid  rod,  capable  of  turning  round  a  fixed  point  in 
the  rod,  is  called  a  Lever.  The  point,  about  which  it  can  turn, 
is  called  the  Fulcrum,  and  the  parts,  into  which  the  rod  is 
divided  by  the  fulcrum,  are  called  the  arms  of  the  lever 
When  the  arms  are  in  a  straight  line,  the  rod  is  called  a 
straight  lever :  in  all  other  cases  it  is  called  a  bent  lever, 

55.  If  two  forces,  acting  at  right  angles  on  a  straight 
lever,  produce  equilibrium,  the  forces  are  inversely  as  their 
distances  from  the  fulcrum. 

— 7^ 


i^p 


w 


M 


to 

Let  P  and  Q  bo  the  forces  a,cting  at  the  points  M,  N,  and 
baliincing  each  other  nmnd  the  fulcrum  C. 

Then  the  lever  is  kept  at  rest  by  P,  Q,  and  the  force  ex- 
erted by  the  resistance  of  the  fulcrum  C.  Hence  the  re- 
sultiuit  of  /'  and  Q  must  be  eq\ial  and  opposite  to  the  force  of 
this  resistatice,  and  must  therefore  pass  through  G. 

Then,  since  Cis  the  point,  through  which  the  resultant  of 
P  and  Q  passes,  it  follows  from  Art  50,  that 

P^Q^CN.CM. 


S.  B. 


so      ON  EQUILIBRIUM  ROUND  A  FIXED  POINT, 

Also,  if  i2  be  the  pressure  on  the  fiilcrum, 
in  fig.  1,  R  =  P  +  Q, 

in  fig.  2,  B=Q-P. 

66.  If  two  parallel  forces^  acting  on  a  lever^  proatie« 
equilibrium^  they  are  inversely  o*  the  perpt>,rdicidar8  drawn 
from  the  fulcrum  to  the  directions  in  which  :h£  forces  act. 


Let  P  and  Q  be  two  parallel  forces  balancing  each  otner 
on  the  lever  A  B  round  the  fulcrum  G, 

Then  the  lever  is  kept  at  rest  by  P,  Q,  and  the  force  ex- 
erted by  the  resistance  of  the  fulcrum  C.  Hence  the  resultant 
of  P  and  Q  must  be  equal  and  opposite  to  the  force  of  this 
resistance,  and  must  therefore  pass  through  G. 

Draw  MGN  at  right  angles  to  the  directions  of  P  and  Q. 

Then,  since  M  and  N  are  points  in  the  lines  of  action  of  P 
and  Q,  and  G  the  point  in  MN^  through  which  the  resultant 
of  P  and  Q  passes, 

P'.Q  =  GN\GM. 

57.  If  two  forces  which  are  not  parallel,  acting  on  a  lerer^ 
produce  equilibriiim^  they  are  inversely  as  the  perpendiculars 
drawn  from  the  fulcrum  to  the  directions  in  which  the 
forces  act. 

Let  P  and  Q  be  two  forces,  not  pnrallel,  balancing  each 
other  on  the  lever  AGB  round  the  fulcrum  C. 
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Produce  the  lines  of  direction  of  P  and  Q  to  meet  in  O. 

Then  the  lever  is  kept  at  rest  by  P,  <2,  and  the  force 
exerted  by  the  resistance  of  the  fulcrum  C.  Hence  the  re- 
sultant of  Pand  Q  must  bo  equal  and  opposite  to  the  force  of 
this  resistance,  and  must  therefore  pass  through  C. 


Let  n  be  the  resistance  of  the  fulcrum ;  then  the  direction 
of  R  must  pass  through  O.    Art.  52. 

Draw  CD  parallel  to  OP  and  GE  parallel  to  OQ,  and  CM 
and  CiVat  right  angles  to  OP  and  OQ  respectively. 

Then  the  sides  of  the  triangle  CDO,  being  parallel  to  the 
directions  of  the  three  forces  P,  Q,  R,  may  be  taken  to  re- 
present P,  Q,  R  in  magnitude.    Art.  38. 

P     CD  _CD 

Then  Q  =  0D"CB' 

Now  the  triangles  CME,  CND  are  similar,  since  the  right 
angles  CME,  CND  are  equal,  and 

angle  CEM=  angle  DOE= angle  CDN.    (Eucl.  l  29.) 

CD     CN 

CE  ~  CM' 


Hence 


P 

Q 


CN 

CM' 
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Examples. — V. 

1.  Weights  of  5 lbs.  and  Tibs.,  hung  at  the  extremities  of 
a  straight  lever  6  feet  long,  balance  each  other:  find  the 
length  of  the  arms. 

2.  A  weight  of  5  lbs.,  hung  from  one  extremity  of  a 
straight  lever,  balances  a  weight  of  15  lbs.  hung  from  the  other 
extremity:  find  the  ratio  of  the  arms. 

3.  When  the  pressure  on  the  fulcnun  is  99 lbs.,  and  the 
arms  of  the  lever  are  as  4  :  7,  diitormine  the  weights, 

4.  The  weight  at  the  extremity  of  one  arm  of  a  straight 
lever  is  12lbs.,  the  length  (*f  the  arm  is  one  foot,  and  the 
pressure  on  the  fulcrum  is  1 6 lbs.;  what  's  the  length  of  the 
arm  at  which  the  other  weight  acts? 

5.  If  the  weights  on  a  lever  are  as  5  :  7,  and  the  length  of 
the  lever  is  36  niches,  find  the  position  of  the  fulcrum. 

6.  If  two  weights  of  2  lbs.  and  5 lbs.  bal.mue  on  a  lever,  one 
of  whose  arms  is  5  inches  longer  than  the  other,  compare  the 
arms. 

7.  Two  weights,  P,  Q,  balance  on  a  straight  lever  :  if 
they*  be  interchanged,  determine  the  weight,  which  must 
be  added  to  or  subtracted  from  either  to  produce  equi- 
librium. 

6  Weights,  proportional  to  8  and  3,  balance  each  other 
on  a  straight  weightless  Lever  whose  length  is  2  feet  9  inches. 
Find  the  position  of  the  Fulcrum :  and  state  the  ambiguity 
that  would  exist  in  the  problem,  if  the  equilibrium  were  pro- 
duced by  parallel  forces  instead  of  weights. 

9.  The  weights  on  the  extremities  of  a  lever  8  feet  long 
are  as  1  to  3.     Find  the  position  of  the  fulcrum. 

10  The  length  of  a  horizontal  lover  is  12  feet,  and  the 
balancing  weights  at  the  ends  are  3lbs.  and  G^bs.  respectively. 
How  far  ought  the  fulcrum  to  be  moved  for  eqmhbrium,  if 
each  weight  be  placed  2  Ibct  from  the  ends  of  the  lever  1 

11  A  lever  is  46  inches  in  :  ngth :  the  fulcrum  is  8  inches 
f„.«.  nr,o  .>,.rl  •  what  weiudit  applied  at  this  end  will  balance  a 
weight  of  22 lbs.  at  the  other  end? 


1 


EX/,Mri.^i:s,-  V. 


53 


12.  At  one  end  of  a  lever  a  fiilcrutn  is  placed,  at  the 
luiddle  point  of  the  lever  hangs  a  weight  of  15  lbs.,  and  this  is 
supported  by  an  upward  force  of  10 lbs.  acting  6  inches  from 
the  other  end.     Find  the  length  of  the  lever. 

13.  A  lever  with  a  fulcrum  at  one  end  is  3  feet  in  length. 
A  weight  of  14  lbs.  is  suspended  from  the  other  end.  At  what 
distaiice  from  tlie  fulcrum  will  an  upward  force  of  25lb8. 
preserve  equilibrium  ? 

14  A  lever  AB  with  a  fulcrum  at  B  is  divided  in  the 
points*  C  and  D  into  three  equal  parts.  From  C  and  D 
weights  of  I2lbs.  are  suspended.  What  force  acting  upwards 
at  A  will  just  support  them  ? 

15  AOB  is  a  straight  lever,  and  forces  P  and  Q,  acting 
at  A  and  B,  are  in  equilibrium  about  0,  the  fulcrum,  which 
is  3  feet  from  A  and  6  feet  from  B:  Bolve  the  followmg 
questions : 

(1)  IfP  =  4lb8.,  ^5^P=90«,  ^QJ5(9=60°,findQ. 

(2)  If  P  =  3lb8.,  l5JP  =  60°,  LQBO  =  %0\fii^^Q.  ' 

(3)  If  P=2lbs.,  L.BAP=^S,\  LQBO^^ii'y  find  Q, 


n 


\ 


CHAPTER  VIII. 
ON  THE  CENTRE  OF  GRAVITY. 


Vi 


68.  The  directions  of  the  forces,  which  the  Earth  oxorta 
on  the  different  particles  composing  a  body,  are  not,  strictly 
speaking,  parallel.  But  since  the  dimensions  of  any  body,  which 
we  shall  have  to  consider,  are  very  small  compared  with  its  dis- 
tance from  the  centre  of  the  Earth,  we  may  consider  the8$ 
directions  to  he  parallel. 

The  resultant  of  this  system  of  parallel  forces  is  the  weight 
of  the  body ;  and  the  point  in  the  body,  at  which  this  resultant 
acts,  is  called  the  Centre  of  Gravity  of  the  body. 

Thus  tiie  Centre  of  Gravity  is  the  centre  of  Parallel  Forces, 
which  act  in  a  vertical  direction. 

We  may  suppose  the  whole  weight  of  the  body  to  be  col 
lected  at  the  Centre  of  Gravity,  and  if  it  be  in  rigid  connection 
with  all  the  points  in  a  body  or  a  system  of  bodies,  then  the 
body  or  system  would  be  in  equilibrium  in  all  positions,  if  the 
Centre  of  Gravity  were  supported. 

Having  thus  explained  the  reasoning,  on  which  we  proceed 
to  investigate  the  position  of  the  Centre  of  Gravity  of  a  bodyi 
we  may  give  the  following  definition  : 

"The  point  at  which  the  weight  of  a  body  or  system  may 
always  be  supposed  to  act  is  called  tlie  Centre  of  Gravity  of 
the  body  or  system." 

59.  Eecry  system  oflceavy  particles  fuis  one  and  only  (mt 
Centre  of  Gravity. 

Let  A^  /?,  D',-..be  anv  nnrnhftr  nf  hnavv  nartio'efl 
P,  Q,  R,...the  weights  of  A,  B,  C... 
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Suppose,  first,  that  A  and  B  are  conuoctod  by  a  rigid  rod 
without  weight. 


Now  P  and  Q,  being  parallel  '»'•««» '"^"'f'""!;'^* 
dilution,  are  equivalent  to  a  «"'Sl»f '»",*»*' *^f„,"'^;"iu! 
of  which  i»  P+y,  and  which  aeto  through  a  point  E  m  the 

line  ABy  such  tliut 

p  :  q^BE  :  AE. 

E  is  then  the  centre  of  gravity  of  A  and  B,  and  the  effect 
of  P  and  Q  will  be  the  same  as  if  A  and  B  wore  collected  into 
one  particle,  of  weight  P  +  Q,  and  placed  at  E. 

Now  suppose  P  +  Q  to  act  at  E.  then  we  may  find  the 
centre  of  gravity  of  P  4- <?  acting  at  ^  and  i2  actmg  at  C.  as 
before,  by  taking  a  point  F  in  the  line  EC,  such  that 

P  +  Q  .R  =  CF  :FE, 

and  we  may  suppose  P,  Q,  R  all  collected  at  F:  and  so  we 
may  proceed  for  any  number  of  particles. 

Therefore  every  system  of  particle,  has  a  centre  of  gravity. 

Also  a  system  of  particles  can  have  but  one  centre  of 
gravity. 

For,  if  possible,  let  a  system  have  two  such  points  G  md  (7, 
and  let  the  system  be  turned  about  till  the  line  joinmg  G  md 
G'  is  horizontal.  Then  we  shall  have  the  resultant  of  the 
system  of  parallel  forces  acting  in  a  vertical  Ime  through  Cr, 
and  also  in  another  vertical  line  through  G' -,  which  is  im- 
possible, smcc  it  cannot  act  in  two  different  lines  at  the  same 
time. 
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(iO.     Tojind  the  centre  of  gravity  qf  a  material  strui(/ht 

line. 

Let  ^/?  bo  the  given  8ttai{i;ht  line. 


0 


a 
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Wo  may  regard  AB  ns  ;i  line  of  equal  particlos  nnifornily 
arranged,  ^^'o  may  then  divide  the  line  into  a  series  of  pairs  of 
equal  iMvrtieles,  oaeh  pair  being  equidistant  from  C,  the  miihlle 
point  oi  //  n. 

Lot  P  and  ^l»o  sueh  a  pjiir  of  particlos. 

Then  C  will  be  the  centre  of  gravity  of  P  and  Q. 

Similarly  each  pair  of  the  pailicles,  of  which  AB  is  com- 
posed, will  have  C  for  its  centre  of  gravity. 

Therefore  C  will  bo  the  centre  of  gravity  of  the  whole 
line  AB. 

61.     Tojind  ihe  centre  of  (jracity  of  a  parallelogram* 
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Let  A  BCD  be  a  parallelogram,  regarded  as  a  uniform 
lamina,  or  thin  sheet,  of  matter.  Draw  EF  parallel  to  ^^ 
and  DC,  bisectinjf  AD,  BG  in  the  points  E,  F\  and  HR 
parallel  to  AD  and  BC,  bisecting  A  B,  DC  in  the  points  H,  K. 

We  may  suppose  the  par:illel(»gram  to  be  made  up  of  a 
series  of  lines  of  particles,  parallel  to  one  of  its  sides,  as  BG. 

Then  it  is  plain  that  EF  bisects  each  of  these  lines,  and 
hence  the  centre  of  gravity  of  each  of  the  lines  composing  the 
parallelogram  is  in  EF. 

Hence  the  centre  of  gravity  of  the  whole  parallelogram 
lies  in  EF. 
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Similarly  it  may  be  shown  to  lie  in  UK. 
Therefore  O,  the  point  of  intersection  of  EF^  HK^  \a  th« 
centre  of  gravity  of  the  parallolograna. 

62.    To  find  the  centre  qf  gravity  qf  a  plane  triangle. 


Let  ABChQ'A  plane  triangular  lamina  of  matter. 
We  may  suppose  this  triangle  to  be  made  up  of  a  series  A 
lines  of  particles,  running  parallel  to  one  of  the  sides,  a*  BC, 

Let  he  be  one  of  these  lines. 

Bisect  EC  in  F,  and  join  AF,  cutting  Ic  in  / 

Now 

jlf  ./},  =  AF  \  FB        (by  similar  triangles  Afh,  AFB) 
=  AF  :  FG        (since  FB=-FC) 
=  Af  :fc  (by  similar  triangles  AFC,  Afc) ; 

.'.fh^fc. 

Similarly  it  may  bo  shown  that  ^Fwill  bisect  each  of  the 
lines  parallel  to  BC\  and  hence  the  centre  of  gravity  of  each  of 
the  linos  composii* ,  the  triangle  is  in  yii^,  and  therefore  the 
centre  of  gravity  of  the  triangle  is  in  AF. 

Now  bisect  AB  in  E  and  join  CE. 

Then  the  centre  of  gravity  of  the  triangle  will  be  in  CE. 

Therefore  the  point  O,  in  which  AF  and  CE  cut  each 
otker,  will  be  the  centre  of  gravity  ot  the  triangle. 
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63.  7*0  *Ae2<7  that  if  a  line  he  drawn  from  any  angle  to 
the  middle  point  of  the  opposite  side,  the  centre  of  graoity  qf 
the  triangle  lies  in  this  line  at  a  distance  from  the  angular 
point  equal  to  two-thirds  qf'the  line. 
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Draw  BD  and  AF  to  the  middle  points  of  AC  and  BG. 

Then  O,  the  intersection  of  AF,  BD,  i    the  centre  of 
grarity  of  the  triangle. 

We  have  now  to  shew  that  BO = 20D. 

Join  FD. 

Then,  since  FD  bisects  BC  and  AC,  it  must  be  parallel 
to  AB.    (Eucl.  VI.  2.)   - 

And  since  ABC,  DFC  are  similar  triangles, 
AB  :  DF=AC  :  BC 
=  2  :  i. 

Again,  since  AOB,  FOD  are  similar  triangles, 
BO  :  OD^AB  :  DF 
=  2:1; 
.-.  B0  =  20D. 
And  hence  BO  is  two-thirds  o(  FP. 
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64.  The  centre  of  gravity  of  a  triangle  coincides  in  posi- 
tion with  the  centre  of  gravity  of  three  equal  particks  placed 
at  the  angular  points. 

Let   three   particles,  each   of  weight  P,  be  placed  afe 
Take  D  the  middle  point  of  AC, 
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Then  D  will  be  the  centre  of  gravity  of  the  particles  acting 
at  A  and  C,  and  wo  may  suppose  both  to  act  at  Z>. 

Then  we  have  2P  acting  at  Z>,  and  P  at  5,  and  the  centre 
of  gravity  of  these  weiglits  will  be  fomid  by  joining  BD  and 
taking  in  it  a  point  0,  such  that 

BO  :  0D=^2P  :  P 
=2  :  1. 


ie.  0  ia  the  centre  of  gravity  of  the  triangle. 
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65.  If  a  body  he  suspended  from  a  point,  about  which  it 
can  swing  freeli/,  it  will  rest  with  its  centre  of  gravity  in  the 
tertical  line,  which  passes  through  the  point  ofsuspenai-m. 


ce 
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Let  ABC  be  the  body,  G  its  centre  of  gravity,  S  the  point 
in  the  body,  by  which  it  is  suspended  by  a  string  fastened  to 
the  fixed  point  D. 

Then  there  arc  two  forces  acting  on  the  body : 

(1)  the  weight  of  the  body  acting  in  the  vertical  line 
GW, 

(2)  the  tension  of  the  string  DS. 

When  the  body  is  at  rest,  these  two  forces  must  act  in  the 
same  straight  line ; 

.'.  Z>aS'  is  a  vertical  line ; 

.'.  G^  is  in  the  vertical  line  passing,'  through  *S'and  Z>. 

66.  The  position  of  the  centre  of  gravity  of  a  body  may 
he  sometimes  determined  by  experiment  in  the  following 
maimer : 

Let  the  body  be  suspended  fronj  any  point  in  its  surface, 
ajid  let  the  line,  which  is  vertical  and  passes  through  the  point 
of  suspension,  be  marked. 

Then  let  the  body  be  suspended  from  another  point  in  its 
surface,  und  let  the  line,  which  is  vertical  and  passes  through 
the  point  of  susi)ension,  be  marked. 

1  Jic  p<>i??t  Oi  mterseetion  of  the  two  lines  in  the  body  is  the 
centre  of  gravity  of  the  body. 


Ill 

I  i 


ON  THE  CENTRE  OF  GRAVITY. 


6l 


67     A  hndti.  placed  on  a  horizontal  plon^,  tfill  slmtd  or 

'faU  occr,  according  as  the  vertical  line  drawn  through  the 

centre  of  gravity  of  the  body  falls  within  or  without  the  base. 

Fig.  I. 


Suppose  the  vertical  line  GC,  passing  through  the  centre  of 
gravity  G  to  fall  within  the  base,  as  in  fig  i.  Tlien  we  may 
suppose  the  weight  of  the  body  ( W)  to  be  concentrated  at  G. 
There  will  then  be  a  vertical  pressure  of  Jr  downwards  arting 
in  the  line  GC,  which  will  bo  counteracted  by  an  equal  and 
opposite  pressuic  i>f  the  plane,  on  which  the  body  is  placed, 
acting  upwards  in  the  direction  GG,  and  so  equilibrium  will 
be  produced,  and  the  body  will  stand. 

Fig.  II. 


But  suppose,  as  in  fig.  ii.,  that  the  line  GC  falls  witlio^-t 
the  base :  then  there  is  no  pressure  equal  and  opposite  to  Vr  , 
and  the  body  will  be  turned  round  B,  the  nearest  point  of 
contact  in  the  base  to  the  vertical  line  GC,  and  will  fall. 

N  B  By  the  base  is  here  meant  the  figure  bounded  by  a 
string  drawn  tightly  round  the  parts  of  the  body  in  contact 
with  the  horizontal  plane. 

Thus  the  base  on  which  a  chair  stands  is  the  quadrilateral 
of  which  the  feet  are  the  four  corners. 
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68.  The  following  illustration  may  enable  the  learner  to 
grasp  more  completely  the  fact  enunciated  in  the  precedinff 
Article.  *^  ** 

Cut  a  piece  of  cardboard  of  uniform  thickness  in  the  form 
of  a  square. 

In  the  corners  A^  2?,  C 
insert  three  pins  of  equal 
length  and  place  them  in  a 
vertical  position  with  their 
points  M,  N,  O  resting  on 
a  horizontal  table.  The  cen- 
tre of  gravity  of  the  card- 
board is  G  the  middle  point 
of  AG,  and  this  point  is 
vertically  above  //  the  mid- 
dle point  of  MO. 

If  now  we  put  a  small  weight  on  the  triangle  ADC,  tho 
centre  of  gravity  of  the  cardboard  and  weight  will  be  vertically 
above  some  point  within  the  triangle  MON,  and  the  system 
will  stand.  •' 

But  if  we  put  the  small  weight  on  tho  trianjile  ACD,  the 
centre  of  gravity  of  the  cardboard  and  weight  will  be  verti- 
cally above  some  point  outside  the  triangle  MON,  and  tho 
system  will  fall. 


69.    On  stable  and  unstable  equilihrium. 

(1)  I?  a  body  under  the  action  of  any  force  be  in  a  position 
of  equdibnum,  and  a  mry  small displ.cement  be  given  to  the 
body,  if  It  then  tend  to  return  to  the  original  position  of  equi- 
librium, that  position  is  called  one  oi  stable  equilibrium. 

(2)  If  the  body  tend  to  move  further  from  its  original 
position,  that  position  is  called  one  of  unstable  equilibrium. 

(3)  If  it  remain  in  the  now  position  which  the  displace- 
ment has  given  it,  the  position  is  said  to  be  neucral. 
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Examples. 

(1)  A  weight  suspended  by  a  strine:  is  an  instance  of  stable 
equilibrium. 

(2)  A  stick  balanced  on  the  finger  ig  an  instance  of  uiv 
stable  equilibrium. 

(3)  A  sphere  resting  on  a  horizontal  table  is  an  instance 
of  neutral  equilibrium. 


70.  Having  given  the  centre  of  gravity  of  a  hody  and 
also  the  centre  of  graoity  of  a  part  of  the  hody,  to  find  the 
centre  of  gravity  of  the  remainder. 


-  *     U 


Let  G  and  H  bo  the  centres  of  gravity  of  the  two  parts  of 
the  body,  w  and  x  the  weights  of  the  parts  respectively. 

Then,  if  O  be  the  centre  of  gravity  of  the  whole  body, 
GO:OH=x'.w; 

.;  w  X  G^O  =  a;  X  0H\ 

wxGO 


.-.  011= 


X 


tlence  if  G  and  0  be  given  we  can  find  //,  by  producing 

J    ?o  X  GO 
GO  so  far  that  the  part  produced  = 


a 


M.!*4' 


ti    \ 


('   ' 
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71.     To  find  the  centre  of  gravity  qfa  niinihcr  of  particle* 
lying  in  a  straight  line. 
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Let  Ay  By  C...  bo  tlio  sevoral  oarticles  lying-  in  tho  straight 
line  OM: 

Py  Qy  R. .  .their  weights. 

liot  0  be  a  fixed  point  in  the  line. 

Then  P  at  ,4  and  Q  at  B  have  n  centre  c  f  giavdty  at  i?,  such 


thai 


Then  P . {OE- OA)r=Q. {OB - OE)y 
oiy  P. OE+Q.OE  =  P.OA^Q.OBy 
P.OA-\-Q.OB 


.-.  0E= 


P+Q 


Next,  the  two  weiolits,  P-\-Q  at  E  and  R  at  (7,  have  a 
centre  of  gravity  at  F,  such  tliat 


OF-. 


/.  0F= 


iP  +  Q).OE  +  R,OG 
(P+Q)^R 

P.OA-^Q.OB  +  R.OO 


P+Q-\-R 
And  so  on  for  any  number  of  particles. 
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72.  To  find  the  centre  of  gravity  of  the  penmetei  of  a 
irianxjle-regarding  the  sides  as  material  lines  of  uniform 
thickness. 

Let  D,  E,  Fhe  the  niiddlo  points  of  the  sidea  of  the  pro- 
posed triangle  ABC, 


Then  the  centre  of  gravity  of  the  perimeter  ABCmW  be 
in  the  same  position  as  the  centre  of  gravity  of  three  particles 
placed  at  D,  E,  /'.whose  weights  are  proportional  to  AB,  Z^C, 
CA  respectively. 

Draw  EM  bisecting  the  angle  DEF,  and  DN  bisecting 
EDF, 

Now  DM  :  MF=  BE  :  EF,  by  Euclid,  vi  3, 

=  AG  \  AB,\ys sim'.  triangles  ABi^,  J^J^u 

Hence  M  is  the  centre  of  gravity  of  the  two  sides  AB,  Ad 
and  therefore  the  centre  of  gravity  of  the  whole  perimeter  hes 
in  EM. 

Similarly  it  lies  in  DN. 

Therefore  O  the  point  of  intersection  of  EM,  DNis  the 
centre  of  gravity  required,  and  this,  by  Euclid,  rr.  4,  is  the 
ceiit,re  of  the  circle  inscribed  in  the  triangle  DEF. 
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Examples  —VI. 

1.  A  uniform  rod,  of  3  feet  in  length  and  8  lbs.  weight,  has 
a  I  ound  weight  placed  at  one  end;  find  the  centre  of  giavity 
of  the  whole  system. 

2.  A  ball  of  weight  2  lbs.  lies  in  the  middle  between  two 
balls,  a  foot  apart,  of  weights  4  lbs.  and  1  lb. ;  find  the  centre  of 
gravity  of  the  three. 

3.  Four  equal  particles  are  placed  in  a  straight  line,  the 
distance  between  the  first  and  second  being  oije  inch,  between 
the  second  and  third  two  inches,  and  between  the  third  and 
fourth  three  inches ;  find  their  centre  of  gravity. 

4.  Find  the  centre  of  gravity  of  weights  whose  measures 
are  16,  8,  4,  2,  1,  placed  at  distances  of  1  ft.  from  each  other  in 
a  straight  line. 

5.  Shew  that  if  the  centre  of  gravity  of  three  heavy 
particles,  placed  at  the  angular  points  of  a  triangle,  coincide 
with  the  centre  of  gravity  of  the  triangle,  the  particles  must 
be  of  equal  weight 

6.  Shew  that  if  a  number  of  triangles  be  described  upon 
the  same  base  and  between  the  same  parallels,  their  centres  of 
gravity  lie  on  a  straight  line. 

7.  If  the  angular  points  of  one  triangle  lie  at  the  middle 
points  of  the  sides  of  another,  shew  that  the  triangles  will  have 
the  same  centre  of  gravity. 

8.  If  two  triangles  are  upon  the  same  base,  shew  that  the 
line  joining  their  centres  of  gravity  is  parallel  to  the  line 
joining  their  vertices. 

9.  Two  equal  particles  are  placed  on  two  opposite  sides  of 
a  parallelogram ;  shew  that  their  centre  of  gravity  will  remain 
in  the  same  position,  if  they  move  along  the  sides  so  as  to  bo 
always  equidistant  from  opposite  angles. 

10.  Having  given  the  positions  of  three  particles  A,  iV,  C, 
and  the  position  of  the  centres  of  gravity  of  A,  B  and  A^  C, 
find  the  position  of  the  centre  of  gravity  of  B,  C. 

11.  An  equilateral  triangle  is  inscribed  in  a  circle:  show 
that  its  centre  of  gravity  will  bo  the  centre  of  the  circle. 
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12.  If  tho  centre  of  gravity  of  a  triangle  inscribed  in  a 
circle  coincide  with  tho  centre  of  the  circle,  shew  that  the 
trianyle  is  equilateral. 

13.  Why  does  a  man,  when  he  is  carrying  a  weight  with 
one  arm,  extend  the  other  % 

14.  A  uniform  flat  rod  whose  length  is  14  inches  and 
weight  3  lbs.  rests  op  a  horizontal  table ;  if  a  weight  of  4  lbs. 
be  placed  on  one  end  of  the  rod,  find  the  greatest  distance, 
which  the  other  end  may  be  made  to  project  beyond  tho 
table,  without  the  rod  falling  off. 

15.  Find  the  centre  of  gravity  of  four  equal  particles 
A   b]  Gy  D,  when  the  straight  line  AB  bisects  the  straight 

line  CD. 

16.  A  triangle  suspended  from  one  of  its  angles  has  its 
base  horizontal ;  shew  that  the  triangle  is  isosceles. 

17  A  square  and  a  triangle  have  the  same  base ;  find  the 
altitude  of  the  triangle,  if  the  centre  of  gravity  of  the  two  lie 
in  that  base. 

18  A  right-angled  triangle  is  suspended  freely  against  a 
wall  from  its  right  angle;  and  again  from  one  of  the  other 
angles  If  in  these  two  cases  the  positions  of  the  hypotenuse 
bo  at  right  angles  to  each  other,  compare  the  length  of  the 
Bides  of  the  triangle. 

19  If  ABC  be  an  equilateral  triangle,  and  weights  3  lbs., 
4  lbs.,' 5  lbs.  be  placed  at  its  corners,  find  their  centre  ol 
gravity. 

20  Find  the  centre  of  gravity  of  three  weights  at  the 
angular  points  of  an  equilateral  triangle,  two  of  the  weights 
being  each  double  of  the  third. 

21.  If  an  equilateral  parallelogram  be  suspended  from  an 
angular  point,  one  diagonal  will  be  horizontal. 

22     If  a  parallelogram  be  divided  into  four  triangles  by 
-    its  diagonals,  and  the  centres  of  gravity  of  the  four  triangles 
be  joined,  the  joining  lines  will  form  another  parallelogram. 
23.    If  a  triangle  ABC,  right-angled  at  C  and  having 

the  side  opposite  A  double  that  0PP0-*%1^'  ^^^E  th 
successively  by  A  and  C  from  a  peg  in^a  vertical  wall,  fand  the 
angle  between  the  two  positions  oi  ^  o. 
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24.  A  riglit-nngled  triangle,  whose  acute  angles  are  to 
each  other  as  1  :  6,  is  siispendcd  from  the  right  angle; 
determine  the  inclination  of  the  hvpotonu  o  to  the  vortical. 

26.  An  isosceles  triangle  is  suspended  successively  from 
the  angular  points  of  its  base;  shew  that  the  two  positions  of 
the  base  will  be  at  rig!;^  t  the  base  of  the  triuuL^le  bo 
two- thirds  of  its  altHv  <'  • 

^^^'  ^'i^  ^^  ^  straight  line,  G  a  point  in  it  such  that 
AC^2CB.  Weights  of  1  lb.,  2 lbs.,  3  lbs.  are  placed  at  A,  B 
and  C  respectively     Find  their  centre  of  gravity. 

27.  ABCD  is  a  straight  line  clivldcd  Lito  three  equal 
parts  at  the  points  B  and  C,  and  equal  heavy  particles  aro 
placed  at  the  points  A,  B,  D.    Find  thoir  centre  of  gravity. 

28.  ABCD  is  a  parallelogram  having  the  angle  ABO 
=  60^  and  viie  base  BC  six  inches  in  length,  what  length  must 
the  side  AB  not  exceed,  if  the  figure  is  to  stand  upon  BC  i 

29.  0  is  the  centre  of  a  circle,  AOB  a  diameter;  C  the 
middle  point  of  the  arc  AB;  D,E  points  on  the  arcs  AC,  CB 
respectively,  at  distances  from  AOB  each  equal  to  half  the 
radius  AO.  Equal  heavy  particles  aio  placed  at  6>,  A,  B,  C, 
D,  E.    Find  their  centre  of  gravity. 

30.  If  a  body,  whose  centre  of  gravity  is  G,  be  divided 
into  two  parts,  and  if  Gu  G^  be  the  centres  of  gravitv  of  the 
two  parts,  shew  that  G^  6?(?,  is  a  straight  line. 

31.  AB  the  base  of  a  square  ABCD  is  divided  in  ^and 
the  triangle  CBE  removed;  shew  that  the  remainder  will 
stand  or  fall  accordinfr  as  BE  bears  '  EA  o.  less  or  greater 
ratio  than  sj^  :  1. 

32.  Find  the  centre  of  gravity  of  a  trapezium,  of  such 
form,  that  the  line  joiniug  one  pair  of  its  opposite  angles 
divides  it  into  two  equal  triangles. 

3.3.  From  a  given  square  shew  how  to  cut  a  triangle 
having  one  side  of  the  square  for  •  b  ,  so  that  tho  centre 
ot  gravity  of  the  remaining  portion  ly  at  the  verte:  of  the 
tnangle. 

34.  If  a  triangle  have  a  side  upon  which  it  will  not 
•tand,  that  side  is  the  shnrtfist  nnA  ia  ry.^¥  i,oif  *i.„  i^^^+i.  i. 
the  longest  side. 
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35.  If  a  quarter  of  a  tri^  'o  bo  cut  otf  by  a  Imo  drawn 
parallel  to  ouo  of  ita  sidos,  tl-  ho  ceutro  of  gravity  oi  the 
rouiaiiulor 

3(5  h.  a  right-angled  triangle,  of  which  the  greatest  side 
ia  6  inches  1  ...g,  what  will  be  the  distance  of  ita  ceutro  of 
gravity  from  the  right  angle? 

37  A  BCD  i8  a  square  surmounted  by  an  isosceles  triangle 
on  one  side  BC.  which  forms   the   base   of  the   trmng  e 
Determine  the  greatest  height  of  this  tnan.le,  so  that  tl 
figure  (which  is  cut  out  of  one  piece  ot  board)  can  be  placed  ou 
its  side  DO  without  tumbling  over. 

38  Find  the  position  of  the  centre  of  gravity  of  a  figure 
formed  by  an  equilateral  triangle  and  a  square,  the  base  of 
the  triangle  coinciding  with  one  of  the  sides  of  the  square. 

39  Find  the  c(  ntre  of  gravity  of  the  quadrilateral  formed 
by  drawing  a  straight  li-«  parallel  to  the  ba^e  of  an  isosceles 
triangle  and  bisecting  the  dides. 

40.  A  square  is  divided  into  9  smaller 
squares.  At  the  centre  of  each  of  the  latter  a 
weight  is  placed  of  the  magnitude  indicated 
ill  the  margin,  i  ind  their  centre  of  gravity. 
Suppose  the  weight  9  t(i  be  removed;  where 
w^'  '      the  centre  of  gravity  of  the  rest? 

The  diagonal  of  a  square  ACEG  is  divided  in  ^so 
that  QK^^KC.  Through  K  are  drawn  two  lines  panillel  to 
the  'des  '>f  the  square,  meeting  the  sides  ACmB,CE  m  J  J, 
EL  F  C?  '  in  H.  At  all  the  angles  of  the  figure  are 
placea  v  \hts,  1  lb.  at  A,  2  lbs.  at  B,  3  lbs.  at  C;  4  lbs.  at  D 
6  lbs,  at  E.  6  lbs.  at  F,  7  lbs.  at  G,  8  lbs.  at  if,  9  lbs.  at  A. 
Find  their  centre  of  gravity. 

42  Construct  n  figure  as  in  Ex.  41,  except  that  no 
weights  are  to  be  i  .  od  at  the  angles:  ren  .;.  the  portion 
IIKFG:  suppose  vaa  ler  distributed  umforu'  jver  the 
remainder:  find  the  e '  itre  of  gravity. 

43  A  heavy  l)ar  14  't  long  is  bent  into  a  right  angle, 
tho  legs  of  which  are  loot  and  G  feet  long  respectively; 
prove  th:.t  thedi^t  ,  r  of  the  centre  .f  gravity  of  the  bar  so 
bent  fr.  Hi  the  point  in  it,  which  w:.s  its .  outre  of  gravity  when  it 
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44.  A  wire  is  bont  into  the  form  of  a  hcxiigon  with  one 
sido  oiinttcd.    Find  its  centre  of  gravity. 

45.  A  uniform  trianpriilar  board  of  given  weight  rents  in  a 
horizontal  ,.o.silion  on  threo  props;  find  the  portion  of  the 
weight  sustained  by  each. 

4G  A  heavy  circular  disc  is  suspended  from  its  centre  by 
a  string  and  rests  horizontally.  Weights  (^  3,  ;?  and  6  lbs.  are 
suspended  by  strings,  attached  to  the  midJle  point  of  tne  disn 
and  passing  over  its  ed^^s.  Shew  how  to  arrange  them,  so 
tuat  the  disc  may  remain  horizontal. 

47.  Assuming  the  position  of  the  centre  of  gnivitv  of 
a  triangle  find  that  of  any  quadrilateral  cut  oU  by  a  straight 
Imo  parallel  to  one  side.  ^     at' "'fane 

48.  If  a  parallelogram  suspended  from  an  angular  point 
have^one  dnigonal  horizontal,  prove  that  the  fou;  sides^^l' 

atios  in  vNhich  the  li,  os,  drawn  from  the  angular  points 
thi^ngh  the  centre  of  gravity  to  the  opp.  :ite  sides^  are  dfvid  d 
at  tliat  point. 

so.    An  isosceles  triangular  luniina  weighs  e  lbs    What 
wo,g,t   placed  at  the  vortex,  will  nuko  the  triangle  hah  ce 

51.  ABC  is  a  right-angle,!  triangle  witlnmt  weight,  J  the 
gl.t  angle:  place  such  we.ghts  at  li  and  C\  th.at,  when  t  e 

52.  A  cubical  block  of  stone  of  uniform  density  rests  on  » 
rongh  honzonul  plane.  It  is  tilted  up,  by  havh^a  ,ve"te 
unven  under  .t  with  it,  edge  parallel  L  an  edge  of  tlucl; 
hhew  tha  the  block  will  not  be  overturned,  u.dcss  the  a  We 
of  the  wedge  be  greater  than  45'.  ° 

on  m'*;    -^  """  r ''"  "'"'"'''  "*■  «••"■''>■  "f  "'>■««  «l"ares  described 
on  the  sides  of  un  isosceles  right-angled  triangle.        "'''""""'' 


CHAPTER  IX. 


OF  MOvlENTS. 

73  We  have  hitliorto  treated  chiefly  of  the  tendency  of 
foreea  to  produce  motion  of  a  particle  or  body  away  from  a 
fixed  point,  that  is,  to  produce  what  is  termed  displacement 
hy  translation. 

Wo  shall  now  have  to  consider,  in  extension  of  the 
principles  laid  down  in  Chap.  V.,  the  tendency  of  forces  to 
produce  motion  round  a  fixed  point,  that  is,  to  produce  what 
is  teruicd  displacement  hy  rotation. 

74  The  MOMENT  of  a  force  about  a  point  is  the  name 
given  to  the  power,  which  that  force  has  to  turn  any  body 
round  that  pohit. 

In  estimating  the  power  of  a  force  to  turn  a  body  round  a 
fixed  point,  we  shall  have  to  take  into  account 

(1)  The  magnitude  of  the  force. 

(2)  The  perpendicular  distance  of  the  line  of  action 
of  the  force  from  t\\o  Jixed  point. 

We  must  first  explain  what  we  mean  by  the  measure  of 
each  of  these  elements,  and  then  we  shall  be  able  to  explam 
how  the  moment  of  a  force  is  measured. 

We  measure  the  magnitude  of  a  force  by  the  number 
expressiiif?  how  many  times  the  force  contains  a  certam  force, 
selected  as  the  unit  of  force. 

Thus,  when  we  speak  of  a  force  F,  we  mean  a  force  which 
contains  the  unit  of  force  F  times. 

We  measure  the  perpendicular  distance  of  a  line  from  a 
point  by  the  number  c  xpressing  how  many  times  the  perpen- 
dicular distance  contains  a  certain  line,  selected  as  the  unit  of 
distance. 

Thus,  when  we  speak  of  a  perpendicular  distance  I),  we 
mean  a  distance  which  contains  the  unit  of  distance  D 
times. 
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75.  Now  suppose  A,  B,  C,D...  to  be  any  number  of  rods 
of  equal  lengthy  fixed  in  a  circular  wheel  moveable  about  its 
centre. 

V^ . 


JB. 


I 


I 


2P 


Then  it  is  evident  that  the  power  of  a  force  P  to  turn  the 
wheel  will  be  the  same,  when  applied  perpendicularly  at  the 
extremities  of  any  one  of  the  rods. 

Also,  if  equal  forces  P  and  P  be  applied  perpendicularly 
at  the  extremities  of  the  rods  A  and  B,  so  as  to  turn  the 
wheel  from  right  to  left,  it  is  plain  that  the  rotatory  power  of 
these  forces  will  be  just  couutemcted  by  a  force  2P,  applied 
perpendicularly  at  the  extremity  of  the  rod  D,  acting  in  a 
contrary  direction,  that  is,  tending  to  tui'u  the  wheel  from  lefi 
to  right. 

Hence  we  infer  that  a  force  2P,  acting  at  the  extremity  of 
2>,  will  have  twice  the  rotatory  effect  of  a  force  P,  applied  in 
the  same  direction  at  the  same  point. 

And  thus  we  conclude  generally  that,  if  two  forces  F^  and 
F^  be  applied  at  the  same  point  of  a  rod  in  the  same 
direction, 

moment  of  F^ :  moment  of  F^  =  Fj_ :  F^, 

that  is,  the  moment  of  any  force  acting  at  a  constant  distance 
varies  as  that  force. 

76.  If  Fhe  the  measure  ff  a  force  acting  on  a  body,  and 
D  tlie  measure  of  tlie  perpendicular  distance  of  the  line 
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of  action  of  the  force  from  a  fixed  point  in  the  body,  the 
measure  of  the  moment  of  the  force  about  the  point  u  equal 
toF.D. 


M 


Let  0  be  the  fixed  point,  OA  the  straight  line  through  0, 
perpendicular  to  the  direction  of  F,  and  meeting  it  in  C,  so 
that  the  measure  of  OC  is  D. 

Let  ^  be  a  point  in  OA,  whose  distance  from  0  is  the 
same,  whatever  F  and  D  may  be. 

Let  P  be  the  force,  which,  when  applied  at  B  perpen- 
dicularly to  OA,  will  counteract  the  effect  of  F, 

Hence,  moment  of  F  about  0  =  moment  of  P  about  O. 
Also,  the  resultant  of  the  parallel  forces  F  and  P  must 
pass  through  0,  .p^j^^p^oG,  (Art.  50) 

and  /.  P  varies  as  F.  00,  since  OB  is  constant. 

But  moment  of  P  varies  as  P, •  (Art  75)  j 

.-.  moment  of  F  varies  as  F.  00 ^ 
that  is,  moment  of  F  varies  as  i^. Z>. 

Now,  if  wo  take,  as  our  unit  of  moment,  the  moment  of  a 
unit  of  force  about  a  point  at  a  unit  of  ii^tance  from  tiie 
direction  of  the  force, 

moment  of  F  :  unit  of  moment  =  F.D  .1', 
:.  moment  of  Pis  F.D  times  the  unit  of  moment; 
.-.  the  measure  of  the  moment  of  F=F.  D. 
Coa.     lleucQ  the  moiueut  of  a  force  about  a  point  in  ita 
own  line  of  action  is  zero. 
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77.  We  have  shown  that  forces  can  be  represented 
geometrically  by  straight  lines,  and  we  can  now  shew  that 
moments  can  be  represented  geometrically  by  areas. 

Let  lis  suppose  that  a  force  P,  represented  in  magnitude 
and  direction  by  the  line  AB,  acts  at  A,  a  point  in  a  straight 
rod  AOt  moveable  about  O. 
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^     Draw  OM  at  right  angles  to  the  line  of  action  of  P,  and 
joni  OB.  ' 

Then,  since  the  force  P  contains  P  units  of  force,  the  line 
AB  must  contain  P  units  of  length.    (Art.  16.) 

.'.  the  measure  of  AB  is  P. 
Let  the  measure  of  OM  be  D. 

Then  the  measure  of  the  area  of  the  triangle  AOB  is  ?-^  j 
.-.  measure  of  twice  the  area  of  triangle  AOBisP.D. 
Also,  measure  of  moment  of  P  about  OisP.D.   (Art.  76.) 

Hence  twice  the  area  of  tlie  k-iangle  AOB  will  represent 
the  moment  of  P  about  O. 

We  conclude,  then,  thut  the  momfnt  of  a  force  about  a 
Voiiit  mail  be  rcprescHtcd  <je  mmlrlcaHu  by  In-lce  the  area  of 
the  trianijle,  ichose  vertex  is  the  pnint.  and  frhose  base  is'a 
line  representing  the  force  in  ma(jiutude  and  direction. 
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78.  Let  us  now  take  the  case  of  two  forces  P  and  Q, 
represented  by  the  lines  AB,  AG,  acthig  at  A  on  the  rod  AO 
in  such  a  way,  that  the  perpoudicular  drawn  from  tlie  fixed 
point  0  to  P's  line  of  action  falls  on  one  side  oi  AO^  and  the 
perpendicular  drawn  from  0  to  Q's  line  of  action  falls  on  tlie 
ot/ier  side  oi  AO. 


ad 


ae 
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The  moment  of  P  about  0  will  then  be  represented  by 
twice  the  triangle  AOB,  and  the  moment  of  Q  about  0  will 
be  represented  by  twice  the  triangle  AGO. 

Now  the  force  P  tends  to  cause  the  point  A  to  move  along 
the  circular  arc  AD,  and  the  force  Q  tends  to  cause  the  point 
A  to  move  along  the  circular  arc  AE. 

Thus  the  forces  tend  to  turn  the  rod  ^0  in  contrary 
directions,  and  this  ditference  we  can  express  by  tlie  terms 
positive  and  negative.  These  terms  are  only  relative,  and 
n)ay  bo  applied,  at  discretion,  to  express  causes  or  effects  that 
are  directly  opposed  to  each  other,  but  for  convenience  sake 
we  make  the  following  statement : 

The  immovt  of  a  force  man  he  conndered  negative  or 
positive,  mcording  as  the  force  tends  to  tnrii  the  body  in  the 
same  direction  as  that,  in  which  hands  of  a  watch  revolve,  or 
the  contrary. 
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79.  The  algebraic  sum  of  the  moments  of  two  parallel 
forces  about  any  point  in  their  plane  is  equal  to  the  moment 
of  their  ?'esuitant  about  that  point. 

Case  I.    When  the  forces  aot  in  the  same  direction. 


Let  A,  B  be  two  points  in  the  line  of  action  of  P,  Q;  and 
let  O  be  the  point  in  the  line  AB^  through  which  It,  the 
resultant  of  P  and  Q,  passes. 

Take  any  point  O  in  the  plane  of  the  forces. 

Draw  Obca  at  right  angles  to  the  dirotitions  of  the  forces. 

Then  we  may  suppose  P,  Q,  R  to  act  at  a,  b,  c  (Art.  17), 
and  therefore,  by  Art.  50, 

P  :  Q  =  bc  -.ac; 

»\P.ac=-Q.bc (1). 

Then,  algebraic  sum  of  moments  of  P  and  Q  round  O 

^P.Oa  +  Q.Ob 
:=P.{Oc  +  ac)  +  Q.{Oc-bc) 
'^P.Oc  +  P.ac  +  Q.Oc-Q.bG 
^P.Oc  +  Q.Oc,  from  (I) 

=  {P+Q).Oo 
==Jl.Oc 
e^moineut  of /?  round  0, 
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Case  II.    When  the  forces  act  in  opposite  directions. 
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Let  P  and  Q  be  the  forces,  of  which  Q  is  the  greater. 

Let  A,  B  be  two  points  in  the  lines  of  action  of  P,  Q,  and 
let  C  be  the  point  in  the  line  AB  produced,  through  which  R, 
the  resultant  of  P  and  Q,  passes. 

Take  any  point  0  in  the  plane  of  the  forces,  and  draw  Oahc 
at  right  angles  to  the  directions  of  the  forces. 

Then  we  may  suppose  P,  Q,  R  to  act  at  a,  b,  c  (Art.  17), 
and  therefore,  by  Art.  50, 

P  :  Q=bc  :  ae; 

.\P.ac  =  Q.hc (1). 

Then,  the  moment  of  P  round  0  being  negative,  Art.  78, 
algebraic  sum  of  moments  of  P  and  Q  round  O 

=rQ.0h-P.0a 
=  Q.{0c-bc)-P.{0c-a€) 
=  Q.Oc-Q.bc-P.Oc  +  P.ae 
^  =Q,Oo-P.Oc,  frora(l) 

^{Q-P).Oc 
=  R.Oc 
=  moment  of  i2  round  O. 
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80.  Thd  algebraic  sum  of  the  moments  of  ttpo  forcei, 
meeting  in  a  jmint  and  acting  in  one  plane^  about  any 
point  in  the  plane,  is  equal  to  the  moment  of  their  result- 
ant about  that  point. 

Case  I.  When  the  point  is  within  the  angle  between 
the  forces. 

Let  AB,  -4  C  represent  the  two  forces  P,  Q. 

Complete  the  parallelogram  ABDC. 


Draw  ilfOiV  parallel  to  ^J9  and  CD. 

Now,  as  the  figure  is  drawn,  the  moments  of  P  and  R 
about  O  are  positive,  and  the  moment  of  Q  about  O  is 
negative,  and  w    have  to  shew  that 

2  ti-iangle  AOB-2  triangle  A0C=2  triangle  AOD. 

Now 
parallelogram  BN=  parallelogram  BC—  parallelogram  MC; 
.'.  2  triangle  A0B  =  2  triangle  ADC-  2  triangle  DOG 
=  2  (triangle  ADC-  triangle  DOC) 
=  2  (triangle  AOC+  triangle  A  OD) 
=  2  triangle  AOC  +2  triangle  AOD; 

,'.  2  triangle  AOB  -  2  triangle  A0C=2  triangle  AOD, 
which  proves  the  proposition. 
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Case  II.    When  tho  point  is  without  tho  angle  betweeo 
the  forces. 


Draw  OiVi!/ parallel  to  CD  and  AB. 

As  the  fi'^ire  is  drawn,  the  moments  of  P,  Q,  R,  about  0 
are  all  positive,  i  r  J  wo  iiave  to  shew  that 

2  triangle  AOB  +  2  tri?  gle  ^0C=  2  triangle  AOD. 

Now  2  triangle  AOD 
=  2  (quadrilateral  J0(7Z>  -  i-'angle  OCD) 
=  2  (triangle  AOG  +  triangle  ^:  t^i)  -  triangle  OCD) 
=  2  triangle  JOC+  2  triangle  ACD-2  triangle  0C2) 
=  2  triangle  ^0C+  parallelogram  CB  -  parallelogram  CM 
=  2  triangle  ^OC  +  parallelogram  BN 
=  2  triangle  ^0C+  2  triangle  AOB, 

which  proves  the  proposition. 

Obs.  From  this  and  the  preceding  article  we  see,  that  tho 
algebraic  sum  of  the  moments  of  any  two  forces,  acting  in  one 
plane,  about  iiny  point  in  that  plane,  is  equal  to  the  moment  of 
their  resultant  about  that  point. 
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81.  The  algehraic  sum  of  tha  moments  of  two  forces, 
acting  in  one  plane,  and  meeting  in  a  pointy  about  any 
point  in  the  line  of  action  of  the  resultant  is  zero. 


I 
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Let  AB,  yfC  represent  the  two  forces,  P,  Q, 
Complete  the  parallelogram  ABDG. 

First,  to  shew  that  the  sum  of  the  moments  of  P  and  Q 
about  the  point  Z>  is  zero. 

moment  of  P  about  Z)  =  2  triangle  ADB^ 

moment  of  Q  about  i>  =  2  triangle  ADGj 

and  the  triangles  ADB,  ADC  are  equal; 

.'.  moment  of  P  about  D  -  moment  of  Q  about  Z>, 

and  the  moments  of  P  and  Q  are  respectively  positive  and 
negative  ; 

.'.  the  algebraic  sum  of  the  moments  of  P  and  Q  about  I) 
is  zero. 

Next  let  d  be  ?»ny  point  in  the  line  of  action  of  B. 
Now  triangle  AdB  :  triangle  ADB  =  Ad:  AD, 

and  triangle  AdC :  triangle  ADC  =  Ad  :  AD; 
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/.  triangle  Ad/3  :  triangle  J 7)7?  =  triangle  JdC :  triangle  ADC; 
and  • ,  since  the  triiinglos  ADB  and  ^Z>6'aro  equal, 
triangle  AdB  =  triangle  AdC; 
i.  e.  moment  of  P  about  d  =  moment  of  Q  about  d; 
and  the  moments  oi  P  had  Q  are-  respectively  positive  and 
negative, 

.-.  algebraic  sum  of  moments  of  P  and  Q  about  d  is  zero. 

82.  To  shew  that  the  moments  of  two  parallel  forces 
about  any  point  in  the  line  of  action  of  their  resultant  are 
equal  in  magnitude  and  opposite  in  direction,  we  make  use 
of  the  figures  in  Article  79,  and  taking  moments  of  P  and  Q 
round  any  point  c  in  the  line  of  action  of  the  resultant  i?,  Wb 
observe 


(1)  Since  P.ac  =  Q.bc, 

the  moments  of  P  and  Q  are  equal  in  magnitude. 

(2)  Since  P  and  Q  act  in  contrary'  directions  with 
respect  to  their  tendency  to  turn  acb  in  Case  I.  and  abc  in 
Use  I  [.,  regarded  as  rods  moveable  round  the  point  e, 

the  moments  of  P  and  Q  are  ounosite  in  direction. 
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Note.  Wo  can  readily  extend  the  propositi*  ns  proved  in 
the  preceding  articles  to  any  number  of  forces  in  one  plan'  . 
For  since  the  sum  of  the  moments  of  two  forces  is  equal  t'>  the 
moment  of  their  resuliant,  wo  may  substitute  the  resu  ^'lnt  for 
the  two  forces;  wo  may  now  conibiuo  this  result  ut  'fh 
a  third,  and  so  on  for  any  number  of  forces. 

Hence  we  obtain  the  following  conclusion : 

Tho  moment  of  the  rcitullant  of  any  number  of  forces  'n 
one  planCy  taken  trith  respect  to  any  point  in  that  plane,  i« 
equal  to  the  algebraic  sum  of  the  momenta  (f  tlw  sevaral 
force*  with  respect  to  tV.  same  point. 
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83.    A  MEOHANICAL  InBtrument  Machine,  is  a  con- 

trivii  ICO  for  making  a  force,  which  »a  applied  at  cue  point, 
available  at  some  other  point. 

Tht  inplest  Machines  are  rods  used  in  pushing,  and 
ropes  asc<i  in  pulling,  but  what  are  called  The  Simple 
Machines,  or  Mechanical  Powers,  are 

1.  The  Lever. 

2.  The  Wheel  and  Axle. 

3.  The  Pulley. 

4.  The  Inclined  Plane. 
6.  The  Screw. 

6.    The  Wedge. 

84.    THE  LEVER. 

We  have  already  defined  t  Lever  as  a  rigid  rod,  capable  of 
turning  round  a  fixed  poini  in  the  rod,  called  the  Fulcrum. 

In  the  simplest  cases,  in  which  the  Lever  is  employed 
as  a  Machine,  three  forces  are  brought  into  play : 

1.  The  Power  applied  to  raise  a  weight  or  to  over- 
come an  obstacle. 

2.  The  Weight  or  obstacle  to  be  overcome. 

3.  The  Reaction  of  the  fixed  point  or  fulcrum. 
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85.  Lever-s  may  be  divided  into  three  classes,  according 
to  the  relative  position  of  the  points,  where  the  power  and 
weight  are  applied,  with  respect  to  the  fulcrum. 

In  levers  of  the  first  class,  the  power  and  weight  are 
applied  on  opposite  sides  of  the  fulcrum  (7,  and  act  in  the  same 
direction. 
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Examples.  A  poker  between  the  bars  of  a  grate,  raising 
the  coals.  A  spade.  A  pair  of  scissors  is  a  double  lever  of 
this  class,  the  rivet  being  the  fulcrum. 

In  levers  of  the  second  class,  the  power  and  weight  are 
applied  on  the  same  side  of  the  fulcrum,  and  act  in  opposite 
directions,  the  power  being  applied  at  a  greater  distance  from 
the  fiJcrum  than  the  weigiit  is. 
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Examples.  A  wheelbarrow:  the  fulcrum  being  the  point 
where  the  wheel  presses  on  the  ground.  The  chipping  knifo, 
in  which  the  fulcnmi  is  at  the  end  attached  to  a  bench, 
and  the  weight  is  the  resistance  of  the  substance  to  be  cut, 
acting  upwa7'ds,  the  power  being  applied  by  the  hand  down- 
wards. This  instrument  is  used  for  cutting  turnips,  sugar 
and  tobacco.  Another  instance  is  an  oar,  the  blade  of  the  oar 
in  the  water  being  tiio  fulcrum.  A  pair  of  uut-crackers  isi 
a  double  lever  of  this  cla««. 
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In  levers  of  the  third  clam,  the  power  and" weight  are 
apphed  on  the  mMe  nde  of  the  fulcrum,  and  act  in  opposite 
directions,  the  power  being  nearer  to  the  fulcrum  than  the 
weight  IS. 


) 


B 


0 


Examples.  A  man  lifting  a  long  ladder  with  one  end 
resting  on  the  ground.  A  pair  of  tongs  is  a  double  lever  of 
this  class. 

86.    Conditions  0/ Equilibrium  0/ a  Lever. 

Let  Fi  and  F^  be  the  measures  of  two  forces  acting  on  a 
weightless  lever,  and  let  i>i  and  Z>2  be  the  measures  of  the 
perpendiculars  drawn  from  the  fulcrum  to  meet  the  lines  of 
direction  of  Fi  and  F^ 
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Then,  since  the  lever  is  kept  in  equilibrium  by  the  three 
forces  /'i,  /\  and  R,  the  reaction  of  the  fulcrum;  taking 
moments  about  the  fulcrum,  we  shall  have,  as  the  condition 
of  equilibriuin  in  all  cases, 

F,x  D^  =  F^x  i>2. 

If  more  than  two  forces  act  on  a  lever,  the  sum  of  the 
moments  of  tlie  forces,  whicii  tend  to  turn  the  lever  in  one 
direction,  about  the  fulcrum,  must  be  equal  to  the  sum  of 
the  moments  of  the  forces,  which  tend  to  turn  the  lover  in 
the  contrary  direction,  about  the  fulcrum. 


86 


OF  MECHANICAL  INSTRUMENTS. 


i, 


On  Mechanical  advantage  and  disadvantage. 

87.  The  force  applied  to  a  machine  to  set  it  in  motion  is 
(as  we  said  in  Art.  84)  called  the  Power  (P),  and  the  resistance 
to  be  overcome  is  called  the  Weight  ( fV). 

In  the  propositions  which  we  are  now  discussing  we 
determine  the  value  of  the  Power  which  would  suffice  to 
balance  the  Weight,  and  any  increase  in  this  value  of  F  will 
enable  us  to  work  the  machine. 

The  efficiency  or  working  power  of  a  machine  is  measured 

by#the  fraction  ^,  which  is  often  called  I7ie  Modulus  of  the 

machine. 

When  W  is  greater  than  P,  the  machine  is  said  to  work  at 
a  mechanical  advantage,  and  when  W  is  less  than  P,  at  a 
mechanical  disadvantage. 

To  illustrate  this  from  the  cases  of  the  straight  and 
weightless  Lever,  acted  on  by  two  forces,  in  directions 
perpendicular  to  the  Lever,  we  refer  to  the  diagrams  of 
Art.  86,  and  observe 

(1)  In  a  lever  of  the  Jirst  class, 

P  will  be  less  than  Wy  if  ^C  be  greater  than  BG. 
P  will  be  greater  than  W,  if  J C  be  less  than  BG. 

Hence,  in  this  case, 
mechanical  advantage  is  the  result,  if  P  be  further  from  the 
fulcrum  than  W, 

mechanical  disadvantage  is  the  result,  if  P  be  nearer  to  the 
fulcrum  than  W. 

(2)  In  a  lever  of  the  second  class  P  is  always  less 
than  W.  Hence  in  this  case  mechanical  advantage  is  always 
gained. 

(3)  In  a  lever  of  the  third  class  P  is  always  greater 
than  Tf'.  lience  in  thiiS'  case  mcchauical  disadvantage  is 
always  the  result. 


EXAMPLES.  —  VI2. 
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88.  If  two  weights  he  in  equilibrium  on  a  straigM 
heavy  lever  in  any  position,  which  is  not  vertical,  they  will 
be  m  equilibrium  in  every  position  of  the  lever. 

Let  P  and  Q  be  the  weights  suspended  from  the  points 
A,  B  of  the  lever,  whose  fulcrum  is  C,  centre  of  gravity  G,  and 
weight  W, 


Then,  since  P,  Q,  W  are  parallel  forces,  acting  always  at 
®  the  same  points  in  the  lever,  their  resultant  will  always  pass 
through  the  san:e  point  of  the  lever.  Now,  since  in  one 
position  the  lever  balances  about  C,  the  ^  dtant  of  P,  Q,  W, 
passes  through  C,  and  therefore  in  all  ^  i^Jns  of  the  levei' 
the  resultant  will  pass  through  C,  and  will  therefore  be 
counteracted  by  the  resistance  of  the  tixed  point.  Hence  the 
lever  will  balance  in  every  position. 
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Examples. — VII. 

1.  Pressures  of  41b8.  and  6lbs.  act,  at  points  A  and  5, 
perpendicularly  to  a  straight  lever  AB,  5  feet  long.  Find 
the  position  of  D  the  fulcrum  and  the  pressure  on  it,  when 
the  pressures  act  in  the  same  direction. 

2.  In  a  lever  of  the  first  class  the  arms  are  as  7  :  9.  The 
pressure  on  the  fulcrum  is  36  lbs.    Find  the  weights. 

3.  A  uniform  rod,  15  feet  long,  balances  on  a  point  4  feet 
from  one  end,  when  a  weight  of  3 lbs.  is  suspended  from  that 
end.     Find  the  weight  of  the  rod. 
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4.  ABG is  a  straight  lever;  the  length  of  AB  =  'J  inches, 
that  of  BC  =  3  inches ;  weights  of  6  lbs.  and  10  lbs.  hang  at  A 
and  By  and  an  upward  pressure  of  6  lbs.  acts  at  C.  Find  the 
position  of  a  fulcrum,  about  which  the  lever,  so  acted  upon, 
would  balance,  and  determine  the  pressure  on  it. 

5.  A  heavy  rod  balances  itself  on  a  point,  one-third  of  its 
length  from  one  end:  if  the  rod  bo  carried  by  two  men,  one 
at  each  end,  what  part  of  the  weight  will  be  supported  by 
each  ? 

6.  In  a  lever  of  the  first  class,  if  the  distance  of  the 
fulcrum  from  one  of  the  forces  bo  a  tliird  of  the  whole  length 
of  the  lever:  sliew  that,  when  the  direction  of  either  of  the 
forces  is  reversed,  the-  fulcrum  must  then  be  placed  at  three 
times  its  former  distance  from  the  same  force. 

7.  A  straight  uniform  lever,  whose  weight  is  50  lbs.  and 
length  6  ft.,  rests  in  equilibrium  on  a  fulcrum,  when  a  weight  of 
10  lbs.  is  suspended  from  one  extremity.  Find  th*»  position  of 
the  fulcrum,  and  the  pressure  upon  it. 

8.  It  is  observed  that  a  beam  ^i?,  whose  length  is  12  feet, 
will  balance  at  a  point  2  feet  from  the  end  A,  but  when  a 
weight  of  100  lbs.  is  hung  from  the  end  B,  it  balances  at 
a  point  2  feet  from  that  end.     Find  the  weight  of  the  beam. 

9.  If  a  force  of  ?^  H  s.,  acting  vertically  upwards  at  one 
extremity  of  a  heavy  rod,  of  length  4  feet,  can  just  support 
2|  lbs.,  suspended  at  a  distance  of  1^  feet  from  the  other 
extremity,  about  which  the  rod  can  turn,  find  the  weight  of 
the  rod  and  tlie  pressure  on  the  hinge. 

10.  A  rod,  6  feet  long,  is  laid  horizon tnlh^  across  two 
pegs,  which  are  four  feet  apart,  so  that  each  end  projects  one 
f(H)t  beyond  the  pegs :  weights  of  3  lbs.  and  5  lbs.  being  hung 
at  tiie  ends,  required  the  pressures  on  the  i)«.'gs, 

A^so,  if  an  upward  pressure  bo  applied  to  the  rod,  at  a 
point  2  feet  from  the  more  heavily  laden  end,  in  conseciuencc 
of  which  the  pegs  now  bear  each  the  same  pressure,  determine 
the  amount  of  pressure  applied. 

11.  Suppose  weights  of  2,  7j  5  and  3  lbs.  to  be  suspended 
from  a  stniiglit  rod,  at  successive  distances  of  2,  2  and  13 
inches  trom  each  other.  Where  must  a  lulcrum  bo  placed,  for 
tiie  rod  to  balance  ? 
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12.  How  would  tho  mocluinical  a(lvant}i<?o  of  an  oar  be 
niocirficd  by  lengthening  that  part  of  it  which  is  within  tho 
rowlock  ] 

13.  A  heavy  uniform  bar,  10  feet  long  and  of  given 
weight  W,  is  laid  over  two  props  in  the  same  horizontal  line, 
so  that  1  foot  of  its  length  projects  over  one  of  the  props. 
What  must  be  tho  distance  between  the  props,  that  the 
pressure  on  one  may  be  double  that  on  the  other} 

14.  If  tho  weights  on  a  lever  be  8  lbs.  and  7  lbs.,  and  the 
arms  8  inches  and  9  inches  respectively,  at  what  point  nmst  a 
force  of  1  lb.  be  applied  perpendicularly  to  the  lever,  m  order 
to  keep  them  at  rest? 

15  Two  weights,  each  equal  to  8  lbs.,  hanging  on  a 
straigiit  lever  at  points  12  inciies  and  18  inches  from  the 
fulcrum,  and  on  the  same  side  of  it,  are  balanced  by  a  single 
vertical  force,  acting  at  a  point  16  inches  from  the  fulcrmn^ 
Find  the  magnitude  of  the  force,  and  shew  whether  it  acts  at 
mechanical  advantage  or  disadvantage. 

16  Two  men  carry  a  unifurm  beam,  6  feet  in  length  and 
wei-hing  16  stone,  upon  their  shoulders,  and  at  two  feet  froni 
one°end  a  weight  of  4  stone  is  placed;  what  weight  does  each 
sustain,  supposing  the  ends  of  the  beam  to  rest  on  their 
shoulders '{ 

17  Two  men  support  a  uniform  heavy  beam  on  their 
shoulders,  which  are  at  distances  a  and  b  from  the  ends; 
if  the  pressure  on  one  man  be  r  times  that  ou  the  other, 
find  the  length  of  the  beam. 

18  Two  uniform  cylinders,  whose  lengths  are  3  feet 
and  5  feet,  and  weights  15  lbs.  and  9  lbs.  respectively,  are 
fastened  together,  so  as  to  have  their  axes  in  the  same  straight 
line.     Find  the  point  about  which  they  would  balance. 

19  A  uniform  beam,  whose  weight  is  130  lbs.  and  length 
12  feet,  has  weights  of  15  lbs.  and  '25  lbs.  hung  ou  its  ends, 
'^ind  the  point  on  which  the  system  will  balance. 

20  A  uniform  rod  rests  with  its  extremities  on  two 
prnps.  Find  at  what  point  a  weight,  eciuul  to  the  weight 
of  the  rod,  must  be  hung,  in  order  that  the  pressures  on 
the  props  may  be  in  the  ratio  2   ;  1. 
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21.  Tho  coiitro  of  gravity  of  a  ladder,  40  foot  long,  is 
J  :>  feet  from  tho  thicker  end.  If  tho  weight  of  tho  ladilor 
be  155  lbs.,  find  tho  part  of  tho  weight  aupportod  by  each  of 
two  men,  who  carry  tho  ladder,  with  ono  foot  of  its  length 
projecting  beyond  tho  shoulder  of  each. 

22.  A  beam,  24  feet  in  length,  balances  on  a  prop,  10  feet 
from  tho  greater  end.  When  the  middle  of  the  beam  is 
phiced  on  the  prop,  it  requires  a  weight  of  200  lbs.  at  the 
extremity  of  tho  lessor  end,  and  also  a  weight  of  20  lbs.  at 
a  distance  of  4  feet  from  this  end,  to  balance  the  beam. 
What  is  tho  weight  of  tho  beam? 

23.  A  uniform  beam,  whose  weiglit  is  150  lbs.  and  length 
20  feet,  has  weights  of  3,  5,  7,  9  lbs.  hung  on  at  distances  2, 
4,  6,  8  foot  respectively  from  ono  end.  Find  the  point  on 
which  the  system  will  balance. 

24.  (i)    There  is  a  heavy  lever,  one  point  of  which  (not 
the  centre  of  gravity)  is  fixed.    It  balances  when  a  weight  P 
is  suspended  from  one  end.    If  nP  be  suspended  at  that  end 
find  where  P  must  be  placed  to  balance  it.  ' 

(ii)  If  the  distance  of  tho  fulcrurti  from  the  nearer  end  bo 
one  tenth  of  its  distance  from  the  further  end,  find  the 
greatest  value  of  w. 

25.  A  hea\7  uniform  lever  is  4  feet  long,  and  weighs 
2 lbs.;  to  one  end  is  attached  a  weight  of  3 lbs.,  to  the  other 
end  a  weight  of  4 lbs.:  find  tho  smallest  weight  which  can  be 
attached  to  the  lever,  so  that  it  may  bo  in  equilibrium,  if  the 
fulcrum  be  one  foot  from  that  end,  to  which  the  weight  of 
3  lbs.  is  attached. 

^  26.  A  bent  lever  consists  of  two  straight  rods,  of  the  san^e 
uniform  material  and  thickness;  the  length  of  one  rod  is  three 
times  that  of  tho  other;  what  weight  must  be  attached  to  the 
middle  pomi  of  the  shorter  ono,  that  the  rods  may  be  equally 
mchned  to  the  horizon  ?  ^       ^      ^ 

27.  A  uniform  rod  AB  is  kept  at  rest  by  a  prop  placed 
2  inches  from  the  end  A  and  a  force  of  of  lbs.  acting  vertically 
upwards  at  B.  The  fulcrum  is  sliifted  1  inch  further  from  A, 
and,  when  a  weight  of  1  lb.  is  hung  on  to  the  middle  point  of 
the  rod,  it  is  found  that  a  force  of  5  lbs  acting  upwirds  iiiB  is 
suHiciout  for  enuilibrium.  Find  the  lenoth  '^^u\  wpio-v,f  «r  fi.,.  ,.^,j 
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28.  A  uniform  rod,  to  one  end  of  wliich  a  weight  of 
r.n.s.  is  attached,  will  balance  at  a  i»()i«»t  2  ft.  from  that  end. 
When  an  add'ti(»nal  weij,dit  of  6  lbs.  is  attached,  it  will  balance 
iit  a  point  1  ft.  from  that  end.  Find  the  length  and  weight 
of  the  rod. 

29.  ^2?  is  a  lever  15  ft.  long,  moveable  round  a  fulcrmn 
at  a  distance  of  4  ft.  from  B.  A  weight  of  12  lbs.  being 
suspended  from  Ay  and  a  weight  of  8  lbs.  from  li,  what  force 
must  act  upwards  at  the  middle  point  of  AB  to  preserve 
equilibrium  ] 

30.  If  weights  of  3,  5  and  7  lbs.  be  suspended,  at  distances 
of  2,  4  and  8  feet  from  the  fulcrum,  on  one  arm  of  a  straight 
lever,  and  weights  of  5,  7  and  9  lbs.  be  suspended,  at  distances 
of  3,  6  and  7  feet  from  the  fulcrum,  on  the  other  arm,  where 
must  a  weight  of  1  lb.  bo  placed,  so  as  to  keep  the  lever 
at  rest? 

31.  The  arms  of  a  bent  lever  are  3  and  5  foot.  A  force 
of  6  lbs.  acting  perpendicularly  at  the  end  of  the  shorter  arm, 
is  balanced  by  a  force,  acting  at  an  angle  of  30"  to  the  longer 
arm  at  its  end.     Find  this  force. 

32.  In  a  straight  lever  of  the  second  class,  a  force  of  10  lbs. 
inclined  at  an  angle  of  60''  to  the  lever,  acts  at  one  end,  and 
balances  a  weight  of  20  lbs.  hanging  4  feet  from  the  fulcrum. 
Find  the  length  of  the  lever. 

33  Two  straight  rods  without  weight,  each  four  feet 
long,  are  loaded  with  weights  lib.,  3  lbs.,  5lb^.,  7lbs.,  and 
9  lbs.,  placed  in  order  a  foot  apart.  Shew  how  .  -^ace  one  ot 
the  rods  upon  the  other,  so  that  both  may  balaace  about  a 
fulcrum  at  the  middle  point  of  the  lower ;  and  explam  how 
this  may  be  done  in  two  ways. 

34  Two  forces  of  2  lbs.  and  4  lbs.  act  at  the  same  poijit  of 
a  straight  lever,  on  opposite  sides  of  it,  the  less  one  bemg 
perpendicular  to  the  lever,  and  keep  it  at  rest.  Determine 
the  direction  of  the  greater  force,  and  the  pressure  upon  the 
fulcrum. 

35  A  bent  lever  consists  of  two  uniform  heavy  beams 
whose  lengths  are  as  1  :  2.  Find  the  weight,  which  muf  be 
attached  to  the  extremity  of  the  shorter,  ni  order  t^t  UiD 
arms  may  make  etjual  angles  with  the  horizon. 
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and  two  «eLl/p^e;    L     J:™t^.\^"-'''™''?'  ''•'""  -'' 
:lio  vidosi    4/?    ^*^         '  '"yiig  .It  />,  6,  keep  it  at  rest,  with 

rllorrloQ.^'""''"''''  ■""""«"  ">  "'«  verti«d,«,.d  the 

uHjiectnUy.     If  tl.e  greater  woislit  bo  l(i  lbs.,  fi„d  the  km 
n  ami  dZ^I  '»  -  T'udrilateral  figure,  I,avi„.  the  angles  at 

t,..e  is  e.ainbri„„,  the  force,  are\U:L^^^^^ 

« 

THE  COMMOI^  OR  ROMAN  STEELYARD. 


89.     Tins  balance  consists  of  a  str,>,>ht  lever  AB  sus- 


ponded  b,  the  point  ^  and  capa;:ie  ^f '^:;;n;:;^;o;^  Z 

« 
At  the  point  A  in  the  sliorter  ann  is  attached  a  hook, 
horn  winch  is  «u.^pcndcd   the   .ub.tunce.  who«e  wci^rht    ^ 
la  teijujioa. 
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A  ring  D,  carrying  a  vvoight  P  of  constant  nmgnitudo, 
can  slide  alon«g  tlio  graduated  arm  CB,  till  P  and  W  balance 
each  other,  about  C,  when  the  lover  is  horizontal.  The 
graduation,  at  whicli  P  rests,  when  this  is  the  case,  hidicates 
the  weight  of  the  substance.  In  graduating  tlio  arm  BC^ 
account  must  bo  taken  of  tlie  weight  of  the  lever:  let  Q,  bo 
the  weight  of  the  lover  and  G  its  centre  of  gravity,  D  the 
point  from  which  P  is  suspended  when  it  balances  IV  at  A  i 
then  taking  moments  about  C,  we  have 

P.CD^Q.CG==  W.GA (a). 

If  on  the  arm  CA  we  take  a  point  0,  such  that 

P,CO  =  Q.CG, 

the  equation  (a)  becomes 

P. CD  +  P. GO  =  W.GA, 
or  P{CD  +  CO)=W.GA, 

or  P.OD=  W.GA', 

:.   OD'.GA=W.P. 

Now  we  may  graduate  OB  by  taking  distances,  measured 
from  0,  successively  equal  to  GA^  2CAj  dCA,  and  marking 
them  1,  2,  3 and  so  on. 

When  P  rests  at  the  first  of  these  graduations, 
OD  =  GAmd.\  W=P. 

"When  P  rests  at  the  second  of  these  graduations, 
OD  -  2C^  and  /.  M^  =  2P, 
and  so  on. 

Thus,  when  the  weiglit  of  P  is  known,  the  weight  of  W  is 
known  also. 


THE  COMMON  BALANCE. 

90.  This  balance  consists  of  a  lever  AB,  called  the  beam., 
suspended  from  a  fulcrum  (7,  about  which  it  can  tmii  freely; 
the  point  C  is  a  little  above  the  centre  of  gravity  G  of  the 
beam,  and  from  the  extremities  ^,  i?  of  the  arms  GA,  GB, 
wiiich  ought  to  be  similar  and  equal,  are  suspended  two 
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«calo-pan8,  in  ono  ol  wliich  \%  placed  the  substance,  whose 
weight  n^  is  roiiuirotl,  and  weights  of  known  magnitude  aro 
placed  in  the  other,  till  their  sum  P  just  balances  W\  thii 
being  the  case,  when  the  beam  is  exactly  horizontal  in  » 


position  of  rest.  In  this  case,  if  the  arms  be  perfectly  equal 
and  similar,  and  the  scale-pans  also  of  equal  weight,  P  will  bo 
exactly  equal  to  W,  If  these  weights  differ  by  ever  so  Uttle, 
the  horizontality  of  the  beam  will  be  disturbed,  and,  after 
oscillatmg  for  a  time,  it  will  rest  in  a  position  inclined  to  the 
horizon,  and  the  greater  this  inclination  is  for  a  given 
difference  of  P  and  W,  the  greater  is  the  sensibility  of  the 
balance. 

91.    The  Requisites  for  a  good  balance. 

(1)  The  balance  ought  to  be  true;  i.  e.  the  beam  should 
be  horizontal  when  loaded  with  equal  weights  in  the  scales  at 
A  and  B.  This  wiU  be  the  case,  if  the  scales  be  of  equal 
weight,  and  if  the  line  drawn  through  C  at  right  angles  to 
AB  divide  the  beam  into  two  equal  and  similar  arms. 

(2)  The  balance  ought  to  be  sensible;  i.e.  the  angle, 
which  the  beam  makes  with  the  horizon  ought  to  be  easih 
perceptible,  when  the  weights  P  and  W  differ  by  a  very 
small  quantity. 

(3)  The  balance  ought  to  be  stable;  i.e.  if  the  equili- 
brium be  a  little  disturbed  either  way,  there  ought  to  be  a 
decided  and  rapid  tendency  to  return  to  the  original  position 
wf  rest,  so  as  to  ensure  ^peed  in  the  performance  of  a  weighing. 
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The  comparative  importance  of  these  qualities  in  a  balance 
wiU  depend  upon  tlio  service,  for  which  it  is  intended. 

For  weighing  heavy  goods,  itaUlUy  U  of  more  importance. 

For  weighings  requiring  great  accuracy,  as  in  practical 
chemistry,  aemlbility  is  tlio  quality  desired. 

A  simple  way  of  testing  the  accuracy  of  a  balance  is  by 
interchanging  P  and  W  in  the  scales.  The  balance  ought  to 
retain  the  same  position,  when  this  is  done. 


THE  DANISH  STEELYARD. 


(J 


IK 


92  This  instrument  consistB  of  a  bar  AB,  terminating 
in  a  ball  B,  which  serves  as  the  power,  and  the  substance 
to  be  weighed  is  suspended  from  the  end  A ;  the  fulcrum 
(7,  which  is  generally  a  loop  at  ti.e  end  of  a  strmg,  bemg 
moved  along  AB,  till  P  and  ^balance. 

To  graduate  the  instrument. 

Let  P  be  the  weight  of  the  steelyard,  acting  at  0  the 
centre  of  gravity :  and  let  C  be  the  position  of  the  fulcrum, 
when  P  and  W  balance. 

Then  there  is  equilibrium,  when 
W'.P^OG.AC. 


Nowif  ^=P, 


OC=ACj  and  .*.  AG^  -^, 

AO 


jS  W=  2P,    OC  =  2AC,  and  .*.  AC  = 

AO 
if  ^=  3  P,    0(7=  3  AC,  and  .'.  AC  =    ^- 

And  thus  the  graduations  may  be  determmed. 


06 


EXAMPLES.-  V2IJ, 


Examples. — VIII. 

dofrAiids  1,B  catomors,  if  tho  cctre  of  .'niv  tv  of  H,„  », 

3  If  the  common  steelyard  co«8i«t  of  a  uniform  rod 
whose  weight  is^  of  themoveabie  weight,  and  the  fnlerum  be  A 
of  the  length  of  the  rod  from  one  end;  shew  that  the  greatest 
weight  that  eau  bo  weighed  i«  ^P±l  times  the  moveable 
weight. 

b;xxTttrr-:i~:  i?  r- 

weight  equal  to  „-i  times  the  weight  o/ti^e  stC.-"'  * 

6.  The  arms  of  a  balance  are  in  the  ratio  of  19  :  20     The 

a^ira^nuTweiJJ'rslLj""  ''-'"  ■■'"^''■""  "^  "  ''»''^.  -'-i^ 

7.  A  body,  the  weight  of  which  is  1  lb.,  appears  to  weic-h 

VhtrSr'i't  "  "  "''?'  '",'""'  "'""'  »f 'false  baL^e 
AVtet  «ill  be  Its  api^ent  weight,  when  placed  in  the  other    ' 

a    One  ponml  is  weighed  at  each  end  of  a  false  l,al.n„ce 

ratle'^TtheT     *,      r"!;""""'  ^'^^  "  ^^  'l-»-  «"-»  '^'"tLe 
ratio  ot  the  leiigths  ol  the  urnis  \ 
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9.  If  a  balance  be  false,  having  its  arms  unequal  and 
in  the  ratio  of  15  :  16,  find  liow  much  per  lb.  a  customer 
really  pays  for  tea,  which  is  sold  to  him  froni  the  longer  arm 
at  3.9.  9fl?.  per  lb. 

10.  If  a  Danish  steelyard  weigh  n  lbs.,  shew  how  to 
graduate  it  by  ounces. 


THE  WHEEL  AND  AXLB. 


'm 


9.3.  This  machine  consists  of  a  cylinder  777?',  called  thA 
axle^  and  a  wheel  AB,  the  two  having  a  common  axis, 
terminating  in  pivots  C  and  (7,  about  which  the  machine  can 
turn;  the  pivots  resting  in  fixed  sockets  at  C,  C. 

A  rope,  to  one  end  of  which  the  weight  W  is  attached, 
passes  round  the  axle,  and  has  its  other  end  fixed  to  the 
axle. 

Another  rope  passes  round  the  wheel,  being  attached  at 
one  end  to  the  circumference  of  the  wheel  and  at  the  other 
end  the  power  P  is  applied. 

The  ropes  pass  round  the  wheel  and  airle  in  opposite 
directions,  and  thus  tend  to  turn  the  machine  in  opposite 
directions. 

of  this  mechanical  instrumeui. 

&8.  '' 
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94.     To  find  the  condition  of  equilibrium  on  the  IVhed 
and  Axle. 


Suppose  the  Wheel  and  Axle  to  be  cut  by  a  Tertical  plane 
at  the  point  of  their  junction,  and  that  tliis  6giire  represents 
the  section. 

We  may  then  suppose  P  and  W  to  act  in  this  plane,  aiul 
that  their  lines  of  action  touch  the  circles  at  M  and  N, 

From  0  the  common  centre  draw  OM  and  ON. 

Then  OM  and  ONj  being  drawn  from  the  centre  of  tl;e 
circles  to  the  points  of  contact,  will  be  perpendicular  to 
Pi/ and  IFN. 

The  axis  of  the  machine  being  at  rest,  we  may  consider  tlie 
machine  as  a  lever,  moveable  round  0  as  a  fulcrum. 

Then  there  will  be  equilibrium,  when 

P:  fr=ON:OM, 

L  e.  when  P  i  W=  radius  of  axle  :  radius  of  wheel. 

Note.  If  the  thickness  of  the  ropes  cannot  be  neglected, 
we  must  suppose  P  and  IV  to  act  along  the  middle  of  the 
ropes,  and  in  this  case 

0N=  radius  of  axle  +  radius  of  rope, 

0M=  ra"dius  of  wheel  +  radius  of  rope. 
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Examples. — IX. 

1.  If  the  radius  of  the  wheel  be  3  feet,  the  weight  18  lbs., 
and  the  power  3  Iba.,  what  must  be  the  radius  of  the  axle '{ 

2.  If  the  radius  of  the  wheel  be  6  feet,  the  radius  of  the 
axle  2  feet,  the  weight  3  lbs.,  what  must  be  the  power,  in 
order  to  produce  equilibrium? 

3.  If  the  radius  of  the  axle  be  3  feet,  and  the  radius 
of  the  wheel  9  feet,  what  power  will  be  necessary,  iuforder 
to  keep  a  weight  of  12  lbs.  in  equilibrium  ? 

4.  Explain  how  the  "capstan"  possesses  mechanical 
advantage,  and  if  the  radius  of  the  axle  be  2  feet,  and  6  men 
push,  each  with  a  force  of  1  cwt.,  on  spokes  6  feet  long,  find 
the  weight  they  will  just  be  able  to  support. 

6.  In  what  way  must  the  power  act  so  that  the  pressure 
on  the  axle  may  be  the  least  possible? 

6.  If  the  string,  to  which  the  weight  is  attached,  be 
coiled  in  the  usual  manner  round  the  axle,  but  the  string, 
by  which  the  power  is  applied,  be  nailed  to  a  point  in  the  rim 
of  the  wheel,  find  the  position  of  equilibrium,  the  power  and 
weight  being  equal. 

7.  The  radius  of  the  wheel  being  three  times  that  oi 
the  axle,  and  the  string  on  the  wheel  being  only  strong 
enough  to  support  a  tension  equivalent  to  36  lbs.,  find  the 
greatest  weight  which  can  be  lifted. 

8.  If  the  axis  of  the  axle  do  not  coincide  with  the 
centre  of  the  wheel,  shew  that  the  sum  of  the  weights 
which  a  given  power  will  support  in  the  two  positions,  in 
which  the  diameter  of  the  wheel  containing  the  centre  ol 
the  axle  is  horizontal,  is  double  the  weight,  which  it  would 
iupport,  if  the  machine  were  accurately  made. 

9.  Compare  the  greatest  and  least  weiglits  which  can  be 
supported  by  a  force  acting  on  a  wheel  with  a  square  axle. 

7— a 
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THE  PULLEY. 

96.  The  pulley  is  a  small  circular  disc  or  wheel,  having 
a  uniform  groove  cut  on  its  outer  edge,  and  it  can  turn 
freely  about  an  axis,  which  passes  through  its  centre.  This 
axis  rests  in  sockets  within  the  Uock^  to  which  the  pulley 
is  attached. 

"When  the  block  is  fixed,  the  pulley  is  said  to  be  fixed  ;  in 
other  cases  it  is  moveable.  A  cord  passes  over  the  pulley 
along  the  groove,  and  at  its  extremities  the  power  and  weight 
are  applied. 


The  pulley  is  very  useful  for  changing  the  direction  of  a 
string;  and,  assuming  that  the  tension  of  a  string  is  not 
altered  by  passing  over  a  small  pulley,  the  tension  at  all 
points  of  the  string  between  the  points  of  application  of  P 
and  W  will  be  the  same. 

When  the  pulley  is  fixed,  no  mechanical  advantage  is 


^UUVXi.      VJ      iU3      use,     I.-CJVXJIM.      vutsv      VI      gXVH. 


ter  convenience  m 


Applyini;  the  force. 
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96.     To  find  the  conditions  qf  equilibrium  on  a  single 
Hi' eeahle  pulley. 

(1)    When  the  strings  are  parallel. 

Let  the  string  PABG  have  one 
extremity  fixed  at  C,  and,  after  pass- 
ing under  the  moveable  pulley,  sup- 
pose it  to  be  passed  over  a  fixed 
pulley  D  and  pulled  by  a  force  P. 
The  weight  W  is  suspended  by  a 
string  whose  direction  is  in  a  line 
with  0  the  centre  of  the  moveable 
pulley. 

Then  the  tension  of  each  of  the  strings  DA,  CB  is  P. 
Hence  the  pulley  is  acted  on  by  three  parallel  forces  P,  P 
and  Wf  and  therefore,  when  there  is  equilibrium, 

W^-2P. 

Ohs.    If  weight  of  pulley  («?)  be  taken   into  account, 
2P  =  W  +w. 

(ii)    When  the  strings  are  not  parallel. 
Let  the  string  quit  the  pulley  at  A  and  B. 

Then,  since  the  tension  along 
^P  is  equal  to  that  along  BG^ 
their  resultant  will  bisect  the 
angle  between  ohem.  Art  22,  and 
this  resultant  nust  be  equal  and 
opposite  to  the  weight  W  suspend- 
ed from  the  axis  of  the  pulley, 
and  acting  in  a  vertical  direction. 

Hence  APy  BC  must  be  equally 
inclined  to  the  vertical.     Let  6  be 
this  inclination.     Then  the  resultant  of  the 
which  we  may  regard  as  acting  at  A  and  B^  is 

2P.  cos  e, 

and  this  must  be  equal  to  IV\ 

.'.  IP . cos  6-.  W 


two  tensions, 


m 

4 


Is  the  condition  of  equilibrium. 
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97.  To  find  the  condition  of  equilibrium  for  a  siistem  of 
pidleys^  in  which  each  pulley  hangs  by  a  separate  string,  the 
strings  being  parallel. 


In  this  system  a  string,  acted  on  by  the  power  P,  passes 
under  the  pulley  A,  and  is  fastened  to  the  block  at  M. 

A  string,  attached  to  A,  passes  under  the  pulley  B, 
and  is  fastened  to  the  block  at  N,  and  so  on  for  any  number 
of  pulleys. 

The  weight  W  is  suspended  from  the  lowest  pulley. 

Then,  since  W  is  supported  by  the  tension  of  the  strings 
RC,  BG, 


W 
BG\  tension  =  —^ . 


Again, 


tension  oi  AB- 


iiud 


But 


tension  of  BG      W 
■•  2  -   4  , 


.       .        .„.      tension  of  .4  Z?      W 

tension  of  P^  = = — , 

2  8 

tension  of  PA  =  P, 


TV 
P  =  — - 
8  • 


W 


Thus,  when  there  are  three  pulleys,  i*  =  -jrg, 
:.   P  :  }F=1  '.2\ 
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Note.  If  the  pulleys  have  weight,  an  additional  force  p 
will  be  required  to  assist  P.  Calling  the  weights  of  the 
pulleys,  commencing  with  the  highest^  Wi,  »/?„  «c, «?», 

•^248  2"' 

the   terms  on  the  right-hand  side  of  the  equation  being 

W 
obtained  by  taking  the  formula  -P  =  o-  '  ^^^  "laking  W  =  Wi, 

Wi...w„,  successively,  and  n=  1,  2...w,  successively. 

Note.    This  is  usually  called  the  First  System  0/ Pulleys, 


98.  To  find  the  condition  of  equilibrium  for  a  system  oj 
pulleys,  where  there  are  two  blocks  and  the  same  string 
passes  round  the  pulleys. 

In  this  system  of  pulleys  the  same 
string  passes  round  each  of  the  pulleys 
as  in  the  figure,  and  the  parts  of  the 
string  between  successive  pulleys  are 
taken  to  be  parallel. 

The  tension  of  the  string  is  the 
same  throughout,  and  is  equal  to  P. 
Hence,  if  n  be  the  number  of  strings 
at  the  lower  block,  nP  will  be  the 
resultant  of  the  upward  tensions  of 
the  strings  upon  the  lower  block. 

This  resultant  mast  be  equal  to 
Wy  when  there  is  equilibrium, 

that  is,  nP=W 

is  the  condition  required,  which  may 
be  expressed  thus, 

P  :  W=  1  :  n. 

Note.  Tliis  is  usually  called  the 
Second  System  of  Pulleys. 


m 
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99.     To  Jmd  the  condition  (f  equilibrium  in  a  system  y 
pulleys,  in  which  all  t/ie  strings  are  attac/ied  to  the  weight. 


The  figure  represents  the  system. 

The  weight  W  is  supported  by  the  tension  of  the  strings 
RAySB.TGj attached  to  a  bar  ^i>.    Now 

tension  of  RA  =  P, 

tension  of  SB  =  tension  of  MO 

=  tension  of  RA  +  tension  of  OP  =  2P, 

tension  of  TC  =  tension  of  NM 

=  tension  of  SB  -f  tension  of  MO  =  2".P,  and 

soon. 

Therefore  fF=  P  +  2P  +  22.P  + , 

and  if  there  be  n  pulleys, 

^  =  P  +  2P  +  2".  P  +  +  2"-\  P 

=  P(1  +  2  +  22+ +  2"-*) 

=  p.(?— ^^\    by  Geometrical  Progression, 

*=P.(2»-1). 

If  the  pulleys  have  weight,  they  all,  except  the  uppermost, 
assist  P ;  and  if  we  call  the  assistance,  which  they  afford,  p, 
and  designate  the  weights  of  the  pulleys  beginning  with  the 


tern  \f 
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ios 


low6%i  by  «7i,  «?2,  fCg, ... 

;?  =  (2"-*- l)w?i +  (2"-"- ])«7j+ ...  +  (2*- 1) .  fr„_a+ (2- I) .  ^y',,-,, 
the  tormwon  the  right-hand  member  of  the  equation  being 
obtained  by  taking  the  formula 

fr  =  p(2--i), 

and  making  P  equal  Wxy  w^ zr,_a,  «c,_i,  successively, 

the  number  of  pulleys  being  n-l,n-  2 2,  1,  successively. 

Note.   This  is  usually  called  the  Third  System  o/Pulleyi, 


strings 


Examples. — X. 

1.  In  a  single  moveable  pulley,  if  the  strings  be  not 
parallel,  and  P=W,  what  must  be  the  angle  between  the 
strings  7 

2.  Shew  that  no  mechanical  advantage  is  gained  by  the 
single  moveable  pulley,  unless  the  weight  of  the  pulley  be  less 
than  the  power, 

3.  If  the  angle  between  the  strings  of  the  single  moveable 
pulley  be  two-thirds  of  a  right  angle,  what  must  be  the  ratio 
cf  the  Power  to  the  Weight,  in  order  to  produce  equilibrium? 


P,  and 


•ess.ou. 


srmost, 
ord,  p, 
ith  the 


First  System, 

4.  In  a  system  of  three  pulleys  a  weight  of  8  lbs.  is 
attached  to  the  lowest  pulley.  Neglecting  the  weights  of  the 
pulleys,  find  the  power  necessary  to  produce  equilibrium. 

5.  In  a  system  of  pulleys  in  which  each  pulley  hangs  by  a 
separate  string  there  are  3  pulleys  of  equal  weights.  The 
weight  attached  to  the  lowest  is  32 lbs,  and  the  power  is 
11  lbs.     Find  the  weight  of  each  pulley. 

6.  In  a  system  of  3  pulleys  a  weight  of  5  lbs.  is  attached 
to  the  lowest  pulley.  Supposing  the  weight  of  each  pulley  to 
be  3  lbs.,  find  the  force  required  to  sustain  equilibrium. 

7  If  there  be  4  pulleys,  whose  weights,  commencing  with 
the  liighest,  are  1,  2,  4,  and  Bibs,  resipectively,  aud  JF  bo 
IGO  lbs.,  liud  P. 


io6 


5      I 


^^^^H '. 

1 
I 

4 
fa 

^^^^^B  ' 

n 
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b«  f'lK  ^fi  *I'!r  }''  ^^'^'^  P""^^«'  '^"^   *^«  ^«'K'l»t   of  each 
be  1  lb,  find  the  force  capable  of  8upi>ortiiig  a  wei^^ht  of  9  lbs 

9.  If  there  bo  throe  pulleys,  the  weight  of  each  being  W 
bu  no  we,g^.t  attached  to  the  lowest,  shew  that  there' 
wiU  be  equilibrium,  when  P  \   W  \:  1  ,  i, 

b«  ]t    ^^  ^"^r^  ^\*^''^  P^"^y'  ^^  ^^"^'  ^«'&ht,  what  must 

to  the  7o W      '''k'  ^"  '^''''  '""f  "  ^^'^'^^  «^  ^6  »bs.  attached 
to  the  lowest  may  be  supported  by  a  power  equal  to  7  lbs. 

fw/ P   ^^^*  ™,"t.^^  *^^  ^'^'^^*  «f  «^^h  of  three  pulleys 
that  P  may  equal  W,  the  pulleys  being  all  of  equal  weight? 

12  If  all  the  pulleys,  except  the  lowest,  be  considered 
weightless,  and  the  weight  of  the  lowest  and  the  power  bo 
each  p  lbs.,  and  the  weight  attached  be  w  lbs.,  shew  that  L  is 
some  odd  multiple  of  j». 

^3.  If  /» =  2  lbs.  in  a  system  of  4  pulleys,  each  hanging  by 
a  separate  string  and  the  weight  of  each  p'uliey  together  with 
the  string  beneath  it  be  1  lb.,  shew  that  W^  17  lbs 

14.  If  on  the  same  system  of  pulleys,  in  which  each  pulley 
hangs  by  a  separate  string,  P  can  support  W,  and  P'  causes 
a  pressure  W  on  the  beam,  to  which  the  ;trings  are.^ 

attached,  shew  that  —-— '_i 

jp       pt  ~  ■*• 

15.    If  the  beam,  to  which  the  strings  are  attached,  be 
fixed  at  one  point  only,  about  which  it  is  capable  of  revolving 
and  there  are  only  two  moyeable  pulleys,  find  the  position  of 
the  point,  m  order  that  the  beam  may  remain  horizontal 


Second  System. 

16.  In  the  system  of  pulleys,  in  which  the  same  string 
passes  round  all  the  pulleys  and  the  parts  of  it  between  thf 
pulleys  are  vertical,  if  there  be  three  pulleys  at  the  lower 
block,  and  this  »^l'w.t  w..;,.}.  o  lu-    /..  j  .f        '  t"o  lower 

support  1  cwt     —   *  ^^  "  '"*^  ^""^^^  ^^^^^  ^^^ 
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17.  In  tho  system  of  pulleys,  in  which  the  same  string 
1IJ1880-S  round  all  the  pulleys,  if  P- 2  lbs.,  tho  lower  block 
W'ei<;;ti  8  lbs.,  and  contain  3  pulleys,  and  the  string  be  fastened 
to  tho  lower  block,  shew  that  W=^  lbs. 

18.  A  man  supports  a  weight,  equal  to  half  his  own 
weight,  by  a  system  of  pulleys,  in  which  the  same  string  passes 
round  all  the  pulleys,  the  upper  block  being  attached  to  the 
ceiling:  if  there  be  7  strings  at  the  lower  block,  find  his 
pressure  on  the  floor,  on  which  he  stands. 

19.  What  weight  will  be  supported,  if  there  be  3  pulleys 
in  the  lower  block,  the  string  being  fastened  to  the  upper 
block,  and  the  weight  of  the  lower  block  being  equal  to  3  times 
the  power? 

20.  Supposing  that  a  power  of  3  lbs.  will  just  support 
a  weight  of  10  lbs.  suspended  from  the  lower  block,  the 
number  of  strings  being  4,  what  is  the  weight  of  the  lower 
block? 

21.  If  the  weight  of  the  lower  block  and  the  power  be 
each  JO  lbs.,  and  the  weight  attached  to  the  lower  block  be 
frlbs.,  shew  that  w  is  some  odd  or  even  multiple  of  j», 
according  as  the  end  of  the  string  is  fastened  to  the  upper  or 
lower  block. 


..  :^l 


Third  System. 


22.  A  power  P  and  a  weight  W  are  in  equilibrium  on  a 
system  of  pulleys,  in  which  ail  the  strings  are  parallel  and 
attached  to  a  uniform  bar,  from  which  the  weight  is  suspended, 
the  weights  of  the  pulleys  being  neglected.  If  the  number  of 
pulleys  be  three,  and  the  strings  be  equidistant,  from  what 
point  of  the  bar  ought  the  weight  to  be  suspended,  that  the 
bar  may  rest  in  a  horizontal  position  ? 

23.  In  a  system  of  6  pulleys  of  equal  weight,  where  each 
pulley  is  attached  to  a  string,  which  is  attached  also  to  the 
weight,  find  the  ratio,  which  the  weight  of  each  pulley  must 
boar  to  the  weight  supported,  in  order  that  there  may  be 
equilibrium,  without  any  power  being  applied. 
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_^0£MECHANrCAL  INSTRUMENTS. 


THE   /NCLINED   PLANE. 

JOO.  By  a,.,  iiicliiiod  plane,  u«  a  moclijuiicul  instrumou^  'a 
ftieant  a  plaue  inclinetl  to  the  horuoii.  ' 

T.'e  figure  reproH".,t«  a  section  of  the  inclined  plane.  Uf  .U 
b/  a  mrtixid  piiuio  poii^cudicukr  to  the  inclined  plane. 


^B  is  called  the  length  of  the  plane. 

BG,  which  is  taken  to  be  perpendicular  to  AC,  i>  called 
tha  height  of  the  plane. 

^C7  is  called  <A«  6a50  of  the  plane. 

The  angle  BAC  is  called  the  inclination  of  the  plane. 

When  a  body  is  in  contact  with  a  %7nooth  plane,  there  is  a 
mutual  action  between  the  body  and  the  plane,  acting  at 
righl  angles  to  the  plane.  The  force  thus  brought  to  bear  on 
the  body  18  called  the  reaction  of  the  plane,  and  the  reason  for 
this  reaction  being  equal  to  the  pressure  of  the  bou.  ^n  th- 
plane  is  to  be  explained  thus  :— 

Reaction  is  always  contrary  and  equal  to  action:  or,  the 
mutual  actions  of  two  bodies  upon  each  other  are  always 
equal,  aid  directed  towards  opposite  parts.  Whatever  draws 
or  presse.  ^inother,  is  as  much  drawn  and  pressed  by  that 
other,  if  i.  •  .  .a  j»r<,s8  a  stone  with  his  finger,  his  finger  is 
also  pressi.l  h.  t».;  .tone.  If  a  horse  draw  a  stone  tied  to  a 
rope,  tlit:  hcxis.  v.ll  be  c  ,ully  drawn  back  towai-ds  the 
stone. 
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1 01.     To  fnd  the  eavdition  of  equilibrium  on  a  smooth 
Inclined  Plane,  w/ien  the  Potter  acts  parallel  to  the  plane. 

Let  a  body,  />,  whose  weight  h   W,ho  pulled  by  a  force 
P  acting  parallel  to  the  plaiiu,  and  let  the  body  be  at  rest 


The  body  is  acted  upon  by  three  forces : 
P,  the  power,  acting  parallel  to  AB, 
W,  the  weight,  acting  parallel  to  BG,  i.e.  vertically, 
R,  the  reaction  of  the  plane,  acting  at  right  angles 
to  AB. 
Produce  RD  to  meet  -^C  in  ^. 
From  E  draw  EF  parallel  to  BG. 

Then,  since  the  three  sides  of  the  triangle  DFE  are 
parallel  to  P,  W,  R  respectively,  the  sides  taken  in  pre  oor 
order  are  also  proportional  to  /*,  W,  R,  by  Art.  38 ; 

.-.  P:  fV=DF:FE. 
Again,  EFD,  ABG  are  similar  triangles,  for 

the  right  angle  FDE  —  the  right  angle  BGA, 
and  the  angle  EFD  =  the  angle  ABG, 
and  ,'.  the  remaining  angles  FED,  BAG  are  equal. 
Hence  DF  :FE=GB  :BA; 

and.-.  P  :   W^GB.BA, 
that  is  P  :  W=  height  of  plane  :  length  of  plane. 
Similarly  we  can  prove  that    P  :  R=  GB  :  GA, 

and  JV:R  =  BA:GA, 
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102.     To  find  the  condition  of  equilibrium  on  a  smooth 
Inclined  Plane^  when  the  Power  acts  horizontally. 


\\ 
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Let  the  body  D  be  kept  at  rest  by  three  forces : 

P,  the  power,  acting  horizontally, 

W,  the  weight  of  D,  acting  vertically  downwards, 

By  the  reaction  of  the  plane,  acting  at  right  angles 
ioAB. 

Produce  RD  to  meet  AG  in  M. 

Now,  angles  MDO,  ODA  make  up  a  right  angle, 
and  angles  DAO,  ODA  are  together  equal  to  a  right  angle; 

.-.  angle  MDO  =  angle  DA  0\ 

that  is,  angle  MDO  =  angle  BA  C. 

Also,  angle  ilf 02)  =  angle  5(7/1 ; 

.'.  MDO,  BAG  are  similar  triangles. 

Then,  since  the  sides  of  the  triangle  MOD  are  parallel, 
and  therefore  proportional,  to  P,  W,  R, 

P:  IF  =  MO:  DO 

=  BG  .AG. 

Also  P:  R  =BC  :  AB, 


and 


IV:  R  =AG  :AR 


mooth 
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ciii.     By  the  aid  of  Trigonometry,  we  can  find  the  condition 
of  t'^itilibrium  on  a  smooth  inclined  plane  in  a  more  general 


mglea 


?lo; 


allel, 


Let  a  body  O,  whose  weight  is  W,  be  supported  on  a 
smooth  inclined  plane  by  a  force  P,  the  direction  of  which 
makes  an  angle  6  with  the  plane. 

Let  a  be  the  inclination  of  the  plane. 

Then  the  forces  actmg  on  the  body  O  are 

W,  the  weight  of  the  body,  acting  vertically  downwards, 

Rj  the  reaction  of  the  plane,  acting  at  right  angles  to 
the  plane, 

P,  the  given  force. 

Then,  since  there  is  equilibrium,  we  have  by  Art.  xxxix, 
P :  W'.R^smROW:  sin  ROP  :  sin  PO IF, 

=  sin  (180"  -  a)  :  sin  (90«  -  ^)  .  sin  (900  +  a  +  ^), 

=  sin  a  :  cos  3  :  cos  (a  +  d).    (Trig.  Art.  101, 99,  l()-2.) 

Two  particular  cases  are  to  be  especially  noticed : 

(1)  When  P  nets  parallel  to  the  plane,  ^  =  0,  cos  ^=  1, 

and  .*.  P  :  JV  :  72= sin  a  :  1  :  cos  a. 

(2)  When  P  acts  horizontally,  6  =  -  a, 

cos  d  =  cos  a,  and  cos  {a  +  d)  =  l,  (Trig.  Art.  1 04,  67), 
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and 


fF :  ft  =  sin  a  :  cos  a  :  1. 
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EXAMriES.—XL 


Examples. — XI. 

INCLINED  PLANE. 

1.  If  TT^  be  3  tons,  find  P,  acting  parallel  to  the  plane, 
when  the  height  of  the  plane  is  to  its  base  as  5  :  12. 

2.  Find  the  pressure  on  the  plane,  when  the  height  of  the 
plane  is  to  its  base  as  3  :  4,  and  the  weight  supported  is 
10  lbs.,  the  power  being  parallel  to  the  plane. 

3.  If,  when  P  acts  along  the  plane,  ^  :  P=3  :  4,  express 
R  and  P  in  terms  of  W. 

4.  Find  the  horizontal  force  necessary  to  support  a  body 
whose  weight  is  12  lbs.  upon  a  plane,  whose  base  is  to  its 
length  as  4  :  5. 

6.  If  the  pressure  on  the  plane  be  2  lbs.,  and  the  power 
acting  horizontally  1  lb.,  what  is  the  weight?  and  what  the 
inclination  of  the  plane  ? 

6.  A  force  of  15  lbs.,  acting  horizontally,  supports  a  weight 
of  20 lbs.  on  an  inclined  plane:  what  force,  acting  along  the 
plane,  will  support  the  same  weight  ? 

7.  A  railway  train,  weighing  50  tons,  is  drawn  up  an 
incline  of  1  in  30  by  a  rope :  what  is  the  least  strain  on  the 
rope,  if  10  lbs.  per  ton  be  allowed  for  resistance  to  motion  on 
level  rails? 

8.  A  force  of  1 5  lbs.,  acting  horizontally,  supports  a  weight 
of  5V3lbs.  on  an  iiclined  plane;  find  the  inclination  of  the 
plane  to  the  horizon. 

9.  The  weight  supported  upon  an  inclined  plane  is  2\/2  lbs., 
and  the  plane  is  inclined  at  half  a  right  ftngle  to  the  horizon ; 
finri  f )>A  nnwpr  whinh.  Antintr  alonir  the  nlane.  will  suDDort  the 

weight. 
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10.  A  weight  of  5G  lbs.  rests  upon  a  smooth  plane  inclinod 
at  45°  to  the  horizcm.  What  is  the  smallest  horizontal  force 
required  to  move  it  up  the  plane  ? 

11.  What  force,  acting  horizontally,  will  sustain  a  weight 
of  12  lbs.  on  a  plane  inclinod  to  the  horizon  at  an  angle  of  60"  % 

12.  What  force,  acting  horizontally,  will  sustain  a  weight 
of  10  lbs.  on  a  plane  inclined  to  the  horizon  at  an  angle  equal 
to  half  of  one  of  the  angles  of  an  equilateral  triangle  ? 

13.  If  the  force,  which  will  support  a  weight,  when  acting 
parallel  to  the  plane,  be  half  that,  which  will  do  so,  acting 
horizontally,  find  the  inclination  of  the  plane. 

14.  Equal  weights  are  attached  to  the  ends  of  a  string; 
one  of  which  rests  ou  a  plane  inclined  at  45"  to  the  horizon, 
and  the  other  hangs  vertically  over  the  summit  of  the  plane, 
and  rests  on  the  ground  beneath.  Find  the  pressure  of  the 
latter  on  the  ground. 

15.  What  power,  acting  parallel  to  a  smooth  plane  inclined 
at  an  angle  of  30",  is  necessary  to  sustain  a  weight  of  4  lbs.  on 
the  plane  ? 

16.  Shew  that,  if  P,  instead  of  acting  parallel  to  the  plane, 
were  to  make  the  same  angle  with  the  vertical  as  the  pressure 
of  the  plane  on  the  body,  the  pressure  on  the  plane  would  be 
equal  to  P. 

17.  Which  will  support  the  greater  weight,  a  power 
acting  horizontally,  or  the  same  power  acting  parallel  to  the 
plane  ? 

18.  A  weight  of  20  lbs.  is  suppwted  by  a  string  fastened 
to  a  point  in  an  inclined  plane,  and  the  string  is  only  just 
strong  enough  to  support  a  weight  of  10  lbs.;  the  inclination  of 
the  plane  to  the  horizon  being  gradually  increased,  find  when 
the  string  will  break. 

19.  Two  unequal  weights  W  and  W\  connected  by  a 
string,  arc  placed  upon  two  smooth  inclined  planes,  the  string 
passing  over  the  intersection  of  the  planes.  Find  the  ratio 
between  the  weights,  when  there  is  ecjuilibrium. 

20.  The  least  power  which  will  sustain  a  body  on  a  certain 
inclined  plane  i**  sufQcicnt,  when  acting  horizontally,  to  supporji 


^/^ 


J! 


ii 


8.P 


8 


114 


EXAMPLES,— XL 


■    El    • 


a  body  weigliing  half  as  much  again  as  the  other  on  a  plane, 
whoso  inclination  is  half  that  of  the  former :  find  the  angle  of 
incliuatiou. 

21.  The  powers  required  to  keep  a  given  weight  at  rest 
on  an  inclined  plane,  are  10  lbs.  and  20  lbs.,  in  the  cases  of  the 
power  acting  along  the  plane  and  horizontally;  find  the  in- 
clination of  the  plane. 

22.  A  weight  of  20  lbs.  is  supported  on  an  inclined  plane 
by  a  power  of  12  lbs.,  acting  parallel  to  the  plane.  Shew  that, 
if  it  were  required  to  support  the  same  weight  on  the  same 
plane  by  a  force  applied  horizontally,  the  force  must  be 
increased  in  the  ratio  of  4  to  5,  whilst  the  pressure  on  the 
plane  will  bo  increased  in  the  duplicate  of  the  same  ratio. 

23.  If  the  power,  acting  along  an  inclined  plane,  the 
pressure  on  the  plane,  and  the  weight  be  as  1  :  ^3:2,  find  the 
.iiclination  of  the  plane  to  the  horizon. 

24.  When  a  certain  inclined  plane  ^^C,  whose  length  is 
A  G,  is  placed  upon  ^i^  as  a  base,  a  power  of  3  lbs.  can  support 
on  it  a  weight  of  6  lbs  ;  what  weight  could  the  same  power  sup- 
port, if  the  plane  were  placed  on  BG  as  base,  so  that  AB  is 
then  the  height  of  the  plane? 

25.  If  a  plane  be  inclined  to  the  horizontal  at  an  angle 
a,  and  a  force  fV.  tan  a  act  upwards,  parallel  to  the  plane,  on 
a  weight  W  which  is  in  the  plane,  what  force  must  act  down 
the  plane  to  keep  the  weight  in  equilibrium  ? 

26.  Give  a  geometrical  construction  for  determining  the 
direction,  in  whiirh  the  power  must  act,  when  it  is  equal  to  the 
weight,  and  shew  that,  if  7?,  bo  the  pressure  on  the  plane  in 
this  case,  and  R  the  pressure,  when  the  power  acts  parallel  to 
the  plane,  Bi~2,R. 
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THE  SCREW. 

104.  The  screw  is  a  spiral  thread,  running  along  the 
surface  of  a  circular  cylinder,  which  may  be  imagined  to  be 
generated  thus: 

Let  ^(y  be  a  rectangle,  whoso  base  AB  is  exactly 
equal  to  the  circumference  of  the 
cylinder;  make  the  rectangles  BD,  CF, 
EH...  equal  in  every  respect,  and  draw 
the  straight  lines  AC,  DE,  FG...\ 
then,  if  the  rectangle  BH  be  applied 
to  the  surface  of  the  cylinder,  so  that 
the  base  AB  coincides  with  the  base 
of  the  cylinder,  the  broken  lines  AG, 
DE,  FG..,m\\  form  a  continuous  line 
on  the  surface  of  the  cylinder,  the 
point  G  coinciding  with  Z>,  E  with  F, 
and  so  on.  If  we  now  suppose  this 
line  to  become  a  protuberant  thread, 

perpendicular  to  the  plane  of  the  rect-  ^ ^ 

angle,  we  obtain  a  screw,  in  which  the",  li^tance  betwi^e^i 
any  pomi  of  one  thread  and  the  one  next  below  it,  measured 
parallel  to  the  axis  of  the  cylinder,  is  everywhere  the  sumo 
and  equal  to  BG. 

The  angle  CAB,  which  the  thread  at  any  point  makes 
with  the  base  of  the  cylinder,  is  called  the  pitch  of  the 
screw. 

The  screw  formed  on  the  solid  cylinder,  as  above,  works 
in  a  hollow  cylinder  of  equal  radius,  in  which  a  spiral 
groove  is  cut  exactly  equal  and  similar  to  the  thread  on 
the  solid  cylinder,  and  in  which  groove  the  thread  of  the 
solid  sciew  can  work  freely. 

A  solid  and  hollow  screw,  related  as  above,  are  called 
eompanion  screws;  and,  when  in  action,  one  of  them  is 
fixed  and  the  other  is  turned  by  means  of  a  lever,  fixed 
into  the  cylinder  at  right  angles  to  its  axis.  By  ttirning 
the   lever   a   weight  is   raised,  or  a  pressure  produced,  at 
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the  end  of  the  screw,  which  pressure  acts  in  direction  of 
the  axis  of  the  screw. 

When  the  hoUow  screw  is  small,  it  is  some- 
times called  a  nuU 


The  annexed  figure,  representing  the  ap- 
pearance of  a  solid  screw,  will  assist  the  reader 
in  understanding  that  a  screw  is  nothing  more 
than  an  inclined  plane,  constructed  on  the  sur- 
face of  a  cylinder. 


cv.    To  Jind  the  condition  of  equilibrium  on  tJie  Screw, 


( 


TV 
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The  forces  acting  on  the  screw  will  be 
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P,  the  power,  acting  horizontally  at  right  angles  to  tho 
rod  3/iV  (which  is  at  right  angles  to  the  axis  of  the 
Screw,  and  whose  length  is  a),  and  producing  a 
vertical  pressure  upwards  in  direction  of  the  axis; 

PF,  a  weight  placed  at  the  end  of  the  screw  and  acting 
vertically  downwards; 

and  a  series  of  forces  R\  iZ"...  arising  from  the  pressure 
of  the  hollow  screw  on  each  point  of  the  solid  screw,  wit' 
which  it  is  in  contact. 

The  forces  R\  E'...  act  at  right  angles  to  the  thread, 
and  will  therefore  make  an  angle  a,  equal  to  the  pitch  of 
the  screw,  with  the  lines  drawn  vertically  from  the  points 
of  contact 

Resolving  R\  B"...  vertically  and  horizontally,  we  shall  have 

R' .  cos  a,  R".  cos  a,...  acting  vertically  upwards, 

and  R.  sin  a,  i2".  sin  a,...  acting  horizontally,  and  tending 

to  turn  the  screw  in  a  direction  contrary  to  that,  in  which 
P  tends  to  turn  it. 

Also,  each  of  these  horizontal  forces  acts  at  an  arm  r, 
equal  to  the  radius  of  the  cylinder. 

Hence,  taldng  moments,  {R' + R''  + ...)  .sin  a .  r  =  P .  a..  .(1), 
and  {R' + R" +  ...). COS  a  =  W, (2). 

Dividing  (1)  by  (2) 

P. a 


tan  a .  r 


or 


P^ 

W 


W  ' 

r .  tan  a 
a 


This  condition  of  equilibrium  may  be  expressed  in  another 
form,  thus,  since 

Stt  .  r .  tan  a  -  distance  between  two  threads,  measured 
parallel  to  the  axis, 
and  ItT.a  -  circumference  of  the  circle  described  by  Jf, 

P      2ir.r.  tan  a 
W^       2Tr.a 

distance  between  two  threads 

^  circumference  oi  circle  whose  radius  is  MN' 


:n 
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THE  WEDGE. 

106.     The    Wedge    is   a  solid    triangular 
prism. 

Its  two  ends  are  equal  and  similar  triangles. 
Its  tiireo  sides  are  rectangular  parallelo- 
^ams. 

-45  is  called  its  ^<^<7<?;   CDEF  \\a  head. 

It  is  used  for  separating  bodies,  or  parts  of  the  same 
\)ody,  which  adhere  strongly  to  each  other. 

The  edge  of  the  Wedge  is  introduced  into  a  small  cleft, 
and  it  is  then  driven  forward  by  blows  of  a  hammer  applied 
at  its  head. 

The  mode  of  working  this  machine  is  quite  different  in 
principle  from  the  method  used  in  the  other  machines,  which 
have  been  described. 

They  are  worked  by  the  regular  and  steady  'jpplication 
of  a  power,  acting  uniformly  at  that  point  of  the  machine, 
to  which  it  is  applied,  and  gradually  producing  motion: 
but  in  this  machine  the  power  is  applied  by  sudden  impulses. 

Hence  any  investigation  for  finding  the  relation  between 
the  power  and  weight  in  this  machine  must  involve  considera- 
tions, which  cannot  be  explained  by  the  principles  of  Elemen- 
tary Statics. 

Hatchets,  chisels,  nails,  carpenters'  planes,  swords,  are 
modifications  of  the  wedge. 


Pi 


ON  FRICTION. 

107.  In  our  investigation  of  the  Conditions  of  Equilibrium 
for  the  Mechanical  Instruments  we  assumed  that  the  surfaces 
under  consideration  were  perfectly  smooth.  But,  since  in 
practice  no  surface  is  perfectly  smooth,  it  is  necessary,  in 
applying  the  laws  of  equilibrium  to  particular  problems,  to 
take  into  consideration  the  resistance  to  motion,  which  is 
brought  into  play  by  an  attempt  to  move  a  rough  body  over 
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be  seen  from  the  following  instances :  ^ 

(1)    At  every  step  we  take  in  walking  we  bring  friction 

nto  pky     If  wo  attempt  to  walk  on  a  surface  approaching 

to  perfect  smoo  hness,  as  a  polished  oaken  floor,  oV  a  shee! 

^''^»  «»ir/eet  have  a  tendency  to  slip,  because  but  a  sliffht 

amount  of  friction  can  be  brought  into  action.  ^ 

hnf  f^  l^^'I'^^P  ^  ^"^^°  by  ^  blow  into  a  block  of  wood, 
but  for  the  friction  between  the  wedge  and  the  block,  tl^ 
wedge  would  fly  back.  ' 

109  On  attempting  to  displace  a  body  at  rest  on  a 
rough  horizontal  plane,  we  experience  three  kinds  of  re- 
sistance : 

(1)  On  trying  to  lifl  the  body  off  the  plane,  we 
experience  an  opposition  as  it  were  in  the  body  itself,  arising 
from  the  attraction  of  the  Earth.  ** 

(2)  On  attempting  to  preus  the  body  against  the 
effort  ''''  '^  ''^'^''  ^^  ^""^  ^''^^  "*®  P^^®  '^«^''*«  «"^ 

(3)  On  trying  to  /?m*A  the  body  along  the  plane,  we 
experience  a  resistance,  varying  according  to  the  nature  of 
tlie  surfaces  in  contact. 

This  resistance  is  called  Friction,  and  its  laws  are  aa 
follows : 

motion^"^    ^^^  ^*>^c«»o»  is  opposite  to  that  of  attempted 

O)  Its  magnitude  is  just  sufficient  to  prevent  motion 
but  no  more  than  a  certain  amount  can  be  called  into  play! 
If  more  than  this  amount  be  required  to  prevent  motion, 
motion  will  ensue.  This  greatest  possible  amount  is  termed 
Limiting  Friction,  and  when  this  is  just  called  into  action, 
the  body  is  said  to  be  in  a  state  bordering  on  motion. 

1 10.    The  statical  laws  of  Limiting  Friction  are 

I.  When  the  substances  in  contact  remain  the  game, 
the  Limiting  Friction  varies  tm  the  Pressure  between  the 
bodies. 
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II.    The  amount  of  Limiting  Friction  is  iiideiieiKlent 
of  tiie  area  in  contact. 

If  any  oily  matter  bo  introduce*"  between  the  sub- 
stances, a  smaller  amomit  only  of  friction  is  capable  of  being 
called  into  play,  that  is,  the  Limiting  Friction  is  then  less. 
All  the  Laws  of  Friction  have  been  obtained  by  experiment 

IIL     If  jB  be  the  pressure  between  two  bodies  in  contact, 
and  F  the  amount  of  Limiting  Friction,  then  by  Law  I, 

F  varies  as  72, 
or  F=y.R, 

where  /a  is  a  constant  quantity,  to  bo  determined  by  experiment. 

112.    When  we  say  that  \i  is  constant,  we  mean  that  it 
is  independent  of  R^  independent  of  the  extent  of  surface 
in  contact,  and  dependent  only  upon  the  nature  of  the  surfaces. 
/i  is  called  Tlie  Coefficient  of  Friction. 

cxiii.  If  a  body  be  on  the  point  of  motion,  when  placed  on 
an  inclined  plane,  incliufd  at  an  anple  a  to  tlie  horizon, 
then  the  coefficient  of  friction  between  the  body  and  the 
inclined  plane  =  tan  a. 


fliS 
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Let  ABC  be  a  rough  plane,  on  which  a  body  0  when 
placed  is  in  a  state  just  bordering  on  motion. 

Then  the  body  is  kept  at  rest  by  three  forces, 

Wy  the  weight  of  the  body, 

R,  the  resistance  of  the  plant., 

Ff  the  force  of  friction  acting  along  the  plane. 
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Henco,  by  Art.  101, 

• 

F     BG 
Tt''  AC' 

Now,  by  Art.  Ill, 

F=fMJK', 

• 

fiR     BG 

• 

'  R      AG' 

4 

BG 
"^~  AG' 

Hence,  if  a  be  the  inclination  of  the  plane  to  the  horizon, 

/i  =  taua. 


Miscellaneous  Exercises. 

1.  If  two  equal  forces,  acting  on  a  point,  are  balanced  by 
two  other  equal  forces  acting  at  the  sauio  point,  shew  that  the 
latter  two  are  equally  inclined  to  the  former  two.  Are  all  four 
forces  necessarily  equal  ? 

2.  The  resultant  of  two  forces  P  and  (?,  acting  on  a 
particle,  is  the  same,  when  their  directions  are  inclined  at  an 

angle  e,  as  when  they  are  inclined  at  an  angle  ^  -  ^  to  each 

other :  shew  that  tan  (9= ^2  - 1. 

3.  If  the  actual  lines  of  action  of  three  forces,  which  keep 
a  point  at  rest,  be  represented  by  lines  drawn  from  the  point 
of  application,  the  greatest  of  the  three  will  always  be  opposite 
to  the  least  of  the  angles  made  by  the  lines,  and  the  least  force 
will  be  opposite  the  greatest  angle. 

4.  A  polo  AB  is  supported  with  one  end  B  on  the  ground, 
and  is  prevented  from  falling  by  means  of  two  ropes,  of  equal 
length,  attached  to  the  end  A:  shew  that  the  powers  exerted 
by  the  men,  who  hold  the  ropes,  are  inversely  as  their  own 
distances  from  B. 

5.  Equal  weights  are  supported  on  two  inclined  planes  of 
equal  length,  but  of  different  heights ;  and  the  power  required 
on  the  steeper  plane  is  equal  to  the  resistance  exerted  by  the 
other:  also,  this  resistance  is  three  times  the  resistance  of  the 
steeper  plane.  Compare  the  two  powers  employed,  and  their 
relation  to  W, 


I' 

,'i  j 


132 


MrSCELLAXEOUS  EXERCISES. 


fi.  A  point  H  tukci  within  «r  outsido  a  triangle,  and  linoa 
aro  drawn  from  it  to  ti.e  angular  points  of  the  triangle.  Pro  ' 
ta;tt  the  >-08uItant  of  the  force,  represented  by  tho«o  lines  I 
represented  by  3  times  the  lino  joining  the  point  aud  the 
centre  ofgravity  of  the  triangle. 

angle,  bisecting  the   perpendicular  from   the   vertex  on   the 
base  and  mc.t.ng  the  Bides.  "Shew  that  the  distance  of  t  " 
entre  of  gravity   of  the   quadrilateral   figure    thus    foni    1 
from  the  vertex  is  seven-ninths  of  the  perpc°idicular. 

of  t.  «f  •''""^'';f  ""[  ^'  '^'-  '""^-^  ""^  ^««t'  attached  to  the  ends 
Df  two  strings  the  lengths  of  which  are  3  and  4  feet  and  1 1. 
other  ends  of  the  strings  are  fastened  at  two  poiirts  in   ! 

"^z^t^ '''"'''' ' '-'  ^-  -'^  o^^-;  fi^iZtii;: 
atticdt:tuoti^::^t!::Tr-'f  *^^°  «^^^"- 

.;...s  and  the  rod  n^"  Jh^t^r^^.^^  Z 

tension  of  tlie  strings  with  the  weight  of  the  rod.      ""^^'^  "'^ 
10.    The  resultant  of  two  forces  P  nnri  /^  «,  i 

aid  pulled  m  a  vertical  piano  on  opposite  sides  of  t  e  iX 

poriioll^i^rL:^,^:;;^^^  ^  ^-  p- 

r.,/^;i   '^^"'"T  ^'T''  •'""^^"^  ^"  *^®  «^'"«  Pl'-ine^  keep  a  point  at 

3^    20oTntlo.o''^r"  ""  directions  of  the  fLes  be Ig 
Uo ,  120 ,  aud  105°.    Compare  their  magnitude. 

13.     A  boat,  moored  by  the  bank  of  a  rapid  river  is  also 
attached  by  a  rope  to  a  stake  higher  un  tho  ZZZ'       !i 
opposite  bank      Shew  that,  if  the  boa^" Vc^^^Tfr:;  ii: 
uioonngs,  it  will  swing  round  to  the  opposite  bank 

14      If  three  forces,  acting  at  a  point,  be  represented  in 
magnitude  and  direction  by  three  stUht  li„««  l!!::.^'.!"' 
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thut  point,  then,  if  the  forces  iiro  in  o«|uiIibrium,  the  triauglea 
formed  by  joining  the  oxtrer-       .  of  tiio  lines  uro  equal. 

15.  If  a  point  bo  acted  upon  by  tlireo  forces,  parallel  and 
proportional  to  tho  three  sides  AB,  BC,  l^Cui  a  quadrilateral, 
nhow  that  tho  renultant  <»f  the  forces  is  represente«l  in  magni- 
tude and  diro<'l  urn  by  EHF,  E  being  tho  middle  point  oi  AD, 
and  CF  being  equal  to  EC. 

16.  Three  i)eg8,  A,n,C,f\ro  stiick  in  a  wall  in  the  angles 
of  an  equilateral  triangle,  A  being  the  highest  and  BC  hori- 
zontal. A  string  whoso  length  equals  four  times  a  side  of  tho 
triangle  is  hung  over  them,  and  its  two  ends  attached  to  a 
weight  W.    Find  the  pressure  on  each  peg. 

17.  A  sphere,  of  weight  W,  is  hung  from  a  point  in  a  wall 
by  a  string  of  leni,'th  /  attached  to  its  centre.  If  T  is  tho 
tension  of  the  string,  R  the  pressure  on  the  wall,  r  the  radius 
of  tho  sphere,  show  that 

Ji:  T:  W=r'.l'.{P-r')K 

18.  Two  inclined  planes  of  equal  bases,  6,  and  altitudes, 
A,  are  placed  facing  each  other  on  a  smooth  table ;  a  sphere  of 
weight  VV  is  placed  between  them,  and  they  are  prevented 
from  sliding  apart  by  a  string.    Shew  that  the  tension  of  the 

string  =  2  Jf^.-. 

19.  A  line  of  telegraph  posts  is  erected  along  a  road, 
and  a  wire  is  carried  along  the  tops  in  the  usual  manner.  At 
a  certain  point,  where  a  post  stands,  tho  road  makes  a  turn 
through  60".  To  keep  the  post  in  its  vertical  position  oi^^ 
extremity  of  a  wire  rope  is  attached  to  the  middle  point  of  tho 
post,  and  the  other  to  a  point  in  tho  ground,  midway  between 
the  two  directions  of  tho  road.  If  tho  rope  make  an  angle  of 
30"  with  tho  post,  and  the  telegraph  wire  be  supposed  hori- 
zontal, shew  that  the  tension  of  tho  rope  is  4  times  the  tension 
of  the  wire. 

20.  Prove  the  following  construction  for  finding  the  centre 
of  gravity  of  a  quadrilateral.  E  is  the  point  of  intersection 
of  the  diagonals,  jPand  G  are  points  \v  the  diagonals,  dividing 
them  into  segments  e(pial  to  those,  into  which  they  are  divided 
at  E.  The  centre  of  gravity  of  the  quadrilateral  coincides 
TtiMu.  tiiu  v;uuLii;  ui  gruvjfc^  oi  tno  mangle  iidi'Q. 


!   .1 
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21.  Three  smooth  pegs  are  fastened  in  a  vertical  plane,  so 
as  to  form  an  isosceles  triangle  with  its  base  horizontal,  /ertei 
downwards,  and  vertical  angle  equal  to  120^  A  fine  string, 
with  a  weight  W  attached  to  each  extremity,  is  passed  under 
the  lower  peg  and  over  the  other  two.  Find  the  pressure  on 
each  peg.  Find  also  the  vertical  pressure  on  each  peg,  and 
shfevV  how  the  whole  weight  is  supported. 

22.  Six  forces,  of  1,  2,  3,  4,  5  and  6  lbs.,  act  from  the 
centre,  O,  of  a  regular  hexagon  towards  the  angular  points, 
A,  B,C,  Z>,  E,  F,  respectively.  Shew  that  the  direction  of 
their  resultant  is  0E\  and  its  magnitude  equals  6  lbs. 

23.  A  heavy  rod,  AB^  is  moveable  about  a  fulcrum  at  C, 
And  is  kept  in  a  horizontal  position  by  a  string  which  has  its 
ends  attached  to  A  and  B,  and  passes  over  two  fixed  pullies, 
A  E,  which  are  respectively  vertically  above  A  and  B.  Shew 
thatwherever(7is,  the  tension  of  the  string  equals  half  the 
weight  of  the  rod. 

24.  If  triangles  be  described  upon  a  given  base  AB^  and 
the  sides  be  taken  to  represent  forces,  two  of  which  tend  from 
A .  and  the  third  towards  B,  shew  that  the  resultant  of  these 
fo.'ces  i3  constant  in  direction  and  magnitude. 

25.  A  uniform  beam  rests  against  a  smooth  peg  A,  and 
has  its  lower  extremity  connected,  by  means  of  a  string  of 
Sfiven  length,  with  a  point  B  in  the  same  horizontal  line  as  A. 
Determine  the  length  of  the  beam,  that  it  may  rest  at  an 
angle  of  45*  to  the  horizon. 

26.  The  two  arms  f)f  a  lever  are  equal,  and  they  form  two 
sides  of  a  square,  the  fulcrum  being  at  their  intersection.  Two 
erual  forces  act  at  their  extremities  along  the  remaining  sides< 
tihd  the  pressure  on  the  fulcrum. 
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I.    (p.  25 ) 

1.  12  lbs.,  or  6  lbs.,  or  4  lbs.,  or  2  lbs. 

2.  29  lbs.,  or  19  lbs.,  or  7  lbs.,  or  3  lbs. 

3.  150  lbs. 

4.  60  lbs. 

7.  5lbs.,  and5V31b8. 

8.  n/34T15  V3  lbs. 

9.  V2l9lbs. 

10.  >s/202~-^9V2  lbs. 

11.  V4r+TdV2ibs. 

12.  Vs  times  either  of  the  equal  forces. 

14.  Y^^Slbs. 

II.    (p.  31.) 

2.  The  forces  are  equal. 

4.  If  i'^  be  one  of  the  e(]^ual  forces,  third  force  =  ^3 .  F. 

6.  a/ 19  lbs. 

7.  (V6-l)lbi. 

8.  Direction,  North.     Magnitude,  P. 
10.  P:Q:/^=1:1:  V2. 

12.  1:2:^3. 

13.  x/3.P. 

14.  It  makes  an  angle  of  60'  with  the  smaller, 

15.  ^/2:l- 


16.     1  :  V3. 


i  ^ 
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17.    (I)  Resultant  makes  an  angle  of  30"  with  greater 

(2)  Resultant  makes  an  angle  of  67  ^  witirforce  that  atta 
Ea^t.  ?2.     J20«.  23.     The  forces  must  bo 

opposite,  two  and  two.  2.>.     72  is  equal  and  opposite  R 

26.    X  lies  in  EA  produced  so  that  AX  =  AE, 


V. 


ij'ii  ' 


Hi.    ^p.  40.; 


I.   (1)   1^^ 


2.   (1) 


1 
3* 


a 


lbs., 


6.     24  lbs. 


11 


I.  4x/31bs.  and  8^/3  lbs. 
(2)    10  lbs.  3. 

«•     ^  =  ^  9.    ^andj-^. 

II.  The  radius  through  Qs  position  makes  with  the  vertical 
an  angle  whose  tangent  is      . 

13.    Resultant  =  2V(47  +  18V3^,  and   makes   with    OA    an 
angle  whose  tangent  =  H-tJ^, 


r 
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IV.      (p  45.) 
1.    Scinches.  2.    4  inches. 

4.    2  ft  6  in.  6.     15  lbs. 


3.    4ft.  10  in. 


V.     (p.  52.) 

1.     34  ft.  and  2i  ft.        2.     3:1.         3.     63  lbs.  and  36  lbs. 

*     ^"-  5.    21  inches  from  the  smaller  weight. 

6.    5  :  2.  7.    p  _  (^.  g      g  j,j^.j^gg  j-j.^^  ^^^  ^^^^^^ 

weight.  If  the  forces  were  parallel  they  might  act  in 
opposite  directior.s,  and  then  the  fulcrum  would  not  be 
between  the  points  of  application.  9.     6  ft.  from   the 


smaller  weight. 


10. 


8   inches  nearer  to  the  smaller 


weight.         11.     1044  lbs.  12.     2  ft.  13.    20.f,  inches. 


14.     12  lbs. 


15.    (D^flbs.        (2)l|lbs.         (3)«f  lbs. 


VI.    (p.  65.) 

\.-.  ]^  "'^''^.^  ^^'^^"  ^'"'^  ^'^  ^^h'cli  the  I  lb.  is  attached, 

3.     3^   inches   from    the 


3L    3^  inclies  from   tlio   4  lbs. 
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'^'    31  ^^-  ^^^'"  *^'®  weight   16. 


B 


fourth  weight 

10.    Let  D  be  the  centre 

that  of  ^  and  G    Join  CD,  ^1,  and  lelthmT.rter^U'  in  O 

AO  produced  will  cut  Z^O  in  the  point  required. 

iLu.    f  f^'^  ^ll-^  T^'^^'  ^'"^  «*'   ^^'^  «"•""»««  centre   of 
gravity  of  hiniseit  and  the  weight  within  his  base. 

It  A  « V'!?  ^n  ^^-    ^^'^''''^  ^^^^««»  <^ho  middle  points 

of  AB^ud  CD.  17.    v'3  times  the  side  of  the  square. 

i».  V^  '  ^'  19.    If  O  be  the  centre  of  gravity  of  the 

mn.le    and    the    4  lbs.   be    at  B,  and    the  5  lbs.   at   G, 
the    centre    of   gravity   required    is  one-fourth   of    the  dis- 
tance  of  0  from  the  point  of  tri.section  of  BG  nearest  0. 
20     Draw  from  the  angular  point,  at  which  the  smallest 

side.     The  centre  of  gravity  is  four-fifths  of  this  line  from 
the  angular  point.        23.    450+^         24.    30<».         26.  At  (7. 

27.  It  G  be  tiie  centre  of  gravity,  AG  :  AD  =  4-9. 

28.  12  inches.  29.     if   G  be  the  centre  of  gravity, 

G  divides  OC,  so  that  OG  =  ^^.  32.    The  middle  point 

of   the   line  joining  the  centres  of  gravity  of   the  equal 
tr.ungles.  3X    If  2a  be  the  side  of  the  square,  the 

vertex  of  the  triangle  is  at  a  distance  2a  -  a^ys  from  the 
centre  of  the  square.  35     The  centre  of  gravity  is  on  the 

Ime  joining  the  vertex  to  the  middle  point  of  the  base,  and  at  a 

distance  from  the  vertex  =  ^  ths  distance  of  the  middle  point. 

36.    2  inches.  37.    VS  (side  of  square).  38.    If2« 

bo  a  side  of  the  square,  0  the  centre  of  gravity  of  the  square, 

E  that  of  the  triangle,  and  G  that  of  both,  OG  =  ?i^^iL±I) 

'  4  4.    /3    ■ 

39.    It  divides  the  line  joining  the  middle  points  of  the 

parallel  sides   into  parts  as   4   :  5,  and  it  is  nearer  to  the 

greater  side.  40.    (1)  The  point  in  which  the  diagonals 

intersect.      (2)    It  divides   the   line   joining   the  centres  of 

9  and  1  in  the  ratio  5  :  4.  41.     ^-^    of  side  of 

square  from   GA   and  ^  of  side   of  square   from   GE. 


42. 


U 
30 


of  GC  from  G. 


Ill 


f!S 


44.     Let  a  =  leii'4h  of  1 


me 
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between  the  middle  point  of  the  omitted  side  and  its  oppo- 
site; then   the  centre  of  gravity  is  on  this  line   and  at  a 

distance  Y^  from  the  centre  of  the  hcx<\uon.  45.  One-tliird. 
46.  Draw  a  radius  CD  from  any  point,  and  place  the  5  lbs. 
at  a  Produce  CD  to  E,  so  that  ED  =  l.CD.  Draw  the 
chord  AEB  at  right  angles  to  CE,  and  place  the  weights  of 
3  lbs.  at  A  and  B.  47.     Let  the  straight  line  cut  the  line 

joinmg  the  vertex  to  the  middle  point  of  the  base  into  two 
parts  m  and  n,  m  being  nearer  the  vertex.  Then  the  centre 
of  gravity  :s  on  this  latter  line  at  a  distance  from  the  vertex 

3"{(m+w)2-w-^}- 

49.  The  centre  of  gravity  bisects  the  lino  joining  3?r  with  the 
point  of  trisection  of  the  opposite  side  nearest  to  2w,  and  it 
divides  the  line  from  w  to  the  opposite  side  into  parts  as  5  : 1 ; 
and  that  from  'Iw  to  the  opposite  side  into  parts  as  2  :  1. 

50.  2  lbs.  51.  Weight  at  B  :  weight  at  C=AC^'i  AB*, 
53.    At  the  middle  point  of  the  hypotenuse  of  the  triangle. 


VII.     (p.  87.) 


3. 

7. 
8. 
II. 
14. 


1.    3  ft.  from  ^;  10  lbs. 

3?  lbs.  4.     1  inch  from  A 


2.    20|lbs.  and  ISflba, 
10  lbs.  5.     ^  and  I 


30  inches  from  the  end  where  10  lbs.  hangs  ;  60  lbs 


16. 


25  lbs.  9.  3  lbs.  and  3^  lbs.  10.  2^  lbs.  and  6j  lbs. ;  6  lbs 
1  ft.  from  weight  of  3  lbs.  12.  Increased.  13.  6  ft. 
1  inch  from  fulcrum.  15.     15  lbs. ;  at  advantage. 

101  St.  and  9i  St.        17.    -^^^\       18.    The  point  of 

junction.  19.     6}|  ft.  from  the  25  lbs.         20.     j  of  length 

of  rod  from  one  prop.  21.  56  lbs.  and  9G  lbs.  22.  12,S0rbs. 
23.     9||  ft.  from  that  end.  24.     (i)  At  a  distance  from 

the  given  point =ro- 1  times  the  distance  of  P  from  it.  (ii)  11. 
25.  11  lbs.  at  end  where  3  lbs.  acts.  26.  A  weight  8  times 
that  of  the  shorter  rod.  27.     14  lbs.  ^12  inches. 

28.     24  ft. ;  1  lb.        29.    28f  lbs.        30.    38  ft.  from  fulcrum 

on  first  arnu        31.    71  lbs.         32. 


16^^/3 
3 


— -^     feet.        33.    One 


I-     «,V7      I'l.av.':      LUC 


Xl    S 


4.1.  -i 


1  lb.  weight  lies  on 


T  CI  J     I-    j,v7    1'i.aw     1.12C     tip|;ci    iUU   »u     l.;iUU     IU5 

the  b  lbs.  weight  of  the  lower,  and  the  rest  of  the  upper  on  the 


its  ippo- 
aiid  at  a 

Due-third. 

the  5  lbs. 

Draw  the 

iveiglits  of 
it  the  line 
into  two 
iie  centre 
he  vertex 


with  the 
w,  and  it 
J  aa  5  : 1 ; 

;  1. 

C2 :  Alfl. 
angle. 


ANSIVERS  TO  EXAMPLES. 


^^9 

rest  of  tlie  lower.    Another  way  is  to  place  the  upper  with  the 

lb.  weight  projecting  l^  ft.  beyond  the  1  ib.  weight  of  the 

'*''''^'**  a*-    Inclined  at  30"  to  the  lever;   2^.Ub8. 

35.    §  (weight  of  shorter  beam).     38.    2:1.     39.    —^ibg. 

o 


VIII.     (p.P6.) 

1.    42|lb8.         4.    At  the  point  of  support.         6.    40  lbs. 
/■     18?  oz.  8.     2:3.  S.     4  shillings.  10.     Taking 

the  diagram  on  p.  95,  the  graduations  tVon.  0  towards  A  wiU 

run  thus :  the  first  will  be  ^^^  the  length  of  yiO,  the  second 


IX.     (p.  99.) 

1.   6 in.        2     lib.        3.    4 lbs.        4.    15cwt.        5.    At 

right  angles  to  the  direction  of  the  weight.  6     When  tlie 


1  ISflba, 
i  and  ^. 
s. 

Ih8.;6lb8 
13.  6  ft. 
ivantage. 

1  point  of 

)f  length 
1280  lbs. 
lice  from 

(")  11. 

t  8  times 

2  inches, 
fulcrum 

33.    One 

it  lies  on 
jr  on  the 


X.     (p.  105.) 

7.     J 2 lbs.        8.     21bs.         10.     lib.         11.     jjr        ,*    j!: 

M^ieVr  TT'  '''"''"  *^«  P"'"^«  -h-«  the  strings  a  e 
fastened  to  the  beam  in  the  ratio  1  .- 2,  being  nearer  to  thl 
string  passing  under  the  lower  pulley  «     In 

a  |ofhisweiglit.  19.  3tin'iestLpower.  ''20.'  ': 
22.  If  2a  be  the  length  of  the  bar,  the  weight  must  be  placed 
Y  from  third  string.       23.    1  :  57. 


XI.    (p.  112.) 


1-    li^tons.  2.    8  lbs. 

9  lbs.        6.     v/31bs.:30». 


-     .7  1  wo.        o.     vdiDs.:  30".         fi.     \o]ha 
«■     i^^'-        9.     2  lbs.         iu.    Any  force  gr 


6  '^ ""r- 


8.  a 


3.     li 

•eater  than  56  lbs, 


l§^g  tons. 


I 


9 


ISO 


11.     12V3lb8.  12. 


ANSWERS  TO  EXAMPLES. 


13.     60". 


14. 


2-V« 


times  the  weight.  15.  2  lbs..  17.  .The  power  acthig 
parallel  to  the  plane.  18.  As  soon  as  the  inclination  is 
greater  than  30^  19.  If  I  and  /'  be  the  lengths  of  the 
planes,  W  \W'=l:T.^  20.  fiO*.  21.  60".  23.  30". 
24.    3 J  lbs.        25.     ^.tana-fT.siua. 

Miscellaneous  Exercises  (p.  121). 

6.    P,  :  P, :  ?r=  1  :  3 :  v  10.       8.    15  lbs.  and  20  lbs. 

12.    V4:V6:V3+1. 


1.   No. 

9.    Tension  of  each  string  =  ^^^' 


16.    Pressure  on  A^W,     Pressure  on  each  of  B and  (7=  1^- 


21.  Pressure  on  each  upper  peg=^V3.  Pressure  on  lowtr 
peg=?r.v.  Vertical  pressure  on  each  upper  peg =^Z^;  on 
lower  peg4  W  Thus  the  whole  weight  supported,  il,  2W 
IS  so  distributed  as  to  produce  a  downward  pressure  on  each  of 
the  upper  pegs=  |  fV,  and  an  upward  pressure  on  the  lower 
peg=^r.    ^  24.    Eesultant  =  2^i?.  25.    Length 

of  beam=:_^,  where  a  =  length  of  string, 
«6.    Pre88ui-e=  ^2 .  P,  where  P  represents  each  force. 


APPENDIX  TO  CANADIAN  EDITION. 

In  solving  statical  problems  the  following  rules  will  be 
found  useful : 

1.  Draw  a  figure  of  the  system  as  accurately  as  pos- 
Bible,  representing  all  the  forces  by  straight  hues,  and 
arrows  showing  the  directions  in  which  they  act. 

2.  Eesolve  all  the  forces  acting  on  the  system  in  two 
directions  at  right  angles  to  each  other,  and  eo  -ate  each 
i;esult  to  zero.  Take  moments  about  any  point .  equate 
the  result  to  zero.  Choose  the  directions  in  which  you 
resolve  the  forces,  and  the  point  about  which  you  take 
moments,  soas  to  make  your  equations  as  simple  as  pos- 

8.  Count  the  unknown  quantities  in  the  statical  equa. 
tions,  and  then  add  as  many  more  equations  deduced 
from  the  geometry  of  the  figure  as  will  make  the  whole 
number  of  equations  equal  to  the  whole  number  of 
unknown  quantities  involved. 

4.  The  general  method  of  solving  statical  problems 
here  describad  may  be  frequently  abbreviatea  by  ^articular 
artifices,  some  of  which  may  be  learned  from  a  careful 
Btudy  of  the  following  problems.  If  only  three  forces  act 
on  a  body,  bear  in  mind  that  their  direction  nust  always 
pasb  through  the  same  point.  This  alone  will  often  afford 
sufficient  data  for  the  solution  of  the  problem 


l-'2 
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EXAMPLES  WOBKED  OUT. 

1.  A  uniform  beam  rests  upon  two  perfectly  smooth 
Inclined  planes ;  to  find  its  position  and  its  pressure  upon 
the  two  planes. 

Let  DM,  DN  be 
the  inclined  planes, 
a,  /3,  their  respective 
inclinations;  ABihe 
beam,  G  its  middle 
point,  W  its  weight, 
2a  its  length,  iJ,  R 
the  reactions  of  the 
two  planes,  Q  the  an 
gle  which  AB  makes 
with  the  horizon. 

The  beam  is  kept  at  rest  by  three  forces,  22,  R  and  W; 
resolving  these  horizontally  and  vertically,  and  taking  the 
moments  about  J.,  we  obtain, 

R  h\na=zB.  sin  /3 
Ucos  •\-Rqob^=W 
and         iJ'  2a  cos  ^ 5 E=  Wa  coa  BAE 

or         R'  cos(/3-d)=:i  W  cos  6. 

Eliminating  B  from  the  first  and  second,  we  get 

u/ W  sin  a 

^u(a  +  0) 

siu(a:  +  ^) 

Substituting  the  value  of  R'  in  the  third  equation,  and 
simplifying,  we  get 

tanO^  sinf^-n:) 
2  sin  a  SiU  p 


By  symmetry 
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We  might  find  li  and  R '  more  easily  by  the  triangle  of 
forces. 

Produce  PA,  PB,  till  they  meet  the   horizontal  line 
through  D,  then  it  is  easily  seen  that  the  angle  APG=a 
and  BPG=fd.  * 

The  point  P  is  kept  at  rest  by  R,  R'  and  W\  and  by  the 
kriangle  of  forces,  each  is  proportional  to  the  sine  of  the 
angle  between  the  other  two;  hence 
R    ^  JR,^  _      W 
sin/?       Bin  a:        sin(a+/i) 
from  which  we  obtain  JR  and  R'  as  before. 
To  find  6  we  have, 

Angle  PAG-^m—OAD 
=90— (a +0) 
PG 


PG  _^\n{m—a^(J) 
AG         sin  a 

co8(a:+0) 


sin  a 

Similarly  gg^^»^(^-Q) 
^  GB        sin  li 

but  AG=GB 

cos  (a+0)     cob{/3—Q) 


and 


sin  a  Bin  /3 

sin(y^ — a) 


tan  6= 


2  sin  a  sin  y? 

2.  On  a  lever  of  uniform  density,  every  inch  weighing 
m;  oz.,  a  weight  of  W  oz.  is  suspended  at  a  given  distance 
from  the  fulcrum,  which  is  placed  at  one  extremity,  what 
must  be  the  length  of  tlie  lever,  so  that  the  whole  may  be 
supported  by  the  least  possible  power  acting  in  an  opposite 
direction  at  the  other  extremity  ? 

Let  AB  be  the 
lever  whose  length  2x 
is  required.  A  the  a 
fulcrum,  D  the  point  ▲ 
where  W  acts,  C  the 
middle  point  of  the 
lever,   and    therefore  ^W       >!' 2Xvw 


B 


If 
•f'  |l 
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klio  point  wl.oro  its  wei,.l,t  2«.  acts.    AD=a,  AcZ^P 
Take  moments  about  the  fulcrum,  and 

2tt       """ 

From  this  it  is  easy  to  see  tliat  P  cannot  be  less  than 

VlawH^;  and  the  vahie  of  :c  corresponding  to  the  la.t 

value  of  P  is  --- 
2a 

8.  One  end  of  a  string  is  fixed  to  the  extremity  of  a 
Bmooth  uniform  rod,  and  the  other  end  to  a  ring  through 
which  the  rod  passes,  the  string  is  then  hung  over  a 
smooth  peg.  Determine  the  least  lenpth  of  string  for 
which  equilibrium  is  possible,  and  show  that  the  inclina- 
tion  of  the  rod  to  the  vertical  cannot  be  less  than  45^ 

Let  ^JB   be  the    rod  e 

suspended  by  the  string 
ACK,  which  presses  on 
the  smooth  peg  G. 
The   rod    is    kept    in 

equilibrium     by      tiiree 

forces,  the  tension  of  the 

string  at  A,  the  tension 

of  the  string  at  K,  and 

the  weight  of  itself  at  O ; 

the  first  two  are  equal 

and  their  directions  meet 

in  C,  therefore  the  direction  of  the  t^rd,  i.e.,  the  vertical 

Ime  through  G,  must  pass  through  0,  and  bisect  the  angle 

ACK.    Let  OCK=Q.     GCK is  a  right  angle  because  there 

is  no  friction  between  the  ring  K  and  the  rod. 

From  the  triangle  CGA. 

CG_8m  CAG    Cos  20_1— 2  sin"  Q 
AG~    sin  0   ~  sin  0  ~      ^iTTfi 
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BlU  0  ' 

Now  when  Rin  d  increases,  CG  diminishes,  and  the  least 

value  of  CO  is  evidently  when  1—2  sin  aO=0.  or  Bin  0=—- 

that  is  when  0=15°;  therefore  the  least  value  of  CGB  is 
45°.  It  appears  also  that  the  least  length  of  string 
required  corresponds  to  this  angle,  and  is  therefore  equal 
ioAO. 

4.  Three  particles  are  placed  at  the  angles  of  a  triangle 
whose  weights  are  proportional  to  the  opposite  sides  ; 
show  that  their  centre  of  gravity  coincides  with  the  centre 
of  the  inscribed  circle. 

Let  ABC  be  the  tri- 
angle,  then  the  weights 
applied  at  A,B,C  re- 
spectively are  propor- 
tional to  the  sides  BC^ 

CA  and  AB. 

a"  ~C 

Draw  the  lines  Aa,  Bb,  Cc,  bisecting  the  angles  A,  B, 
and  C;  these  meet  in  some  point  0,  which  is  the  centre 
of  the  inscribed  circle. 

Because  Aa  bisects  the  angle  A,  it  cuts  the  base  LO 
into  segments,  such  that 

Ba  :  Ca  :  :  BA  :  CA.    £uc.  vi.  3. 

:  :  weight  at  C  :  weight  at  B. 

Therefore  a  is  the  centre  of  gravity  of  the  two  heavy 
particles  at  B  and  C.  The  three  particles  at  their  respec- 
tive angles  are,  therefore,  equivalent  to  the  particles  at  B 
and  0,  placed  together  at  a,  whilst  the  other  particle 
remains  at  A.  Hence  the  centre  of  gravity  of  all  the 
three  particles  must  be  in  Aa.  In  a  similar  manner  it 
could  be  shown  that  it  is  in  Bb ;  and  therefore  its  actual 
position  must  be  in  0. 

Otherwise,  in  the  preceding  figure,  let  a,  6,  c,  be  the 
sides  of  the  triangle,  and  ma,  m6,  mc,  the  weights  at  the 
opposite  corners. 


% 
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Let  M,  y,  'z,  denote  the  cliHtanco8  of  the  cnntro  of  gravil  v 
of  the  weiglitH  from  the  Biden  «,  /.  o,  roapootivoly,  and  Ic^t 
i>  be  tlie  perpendicular  from  A  upon  the  side  DC. 

Take  moments  about  ZiC,  and 
{ma  +mb  +  'mc)  x=:ma.p 


U-- 


—2  mA,  where  ^  is  area  of  ABC 
2A 

~a-f6-f-c 
2A 


Similarly     «=—,-__ 

,    -        2^ 
and    s;=~.-,-r— 

,    ,  __2/l     . 

"*  «  +  6"+^^^  *^^  '■'^'^ius  of  the  inscribed  circle.  Theie- 
fore,  the  centre  of  gravity  of  the  weights  must  coincide 
with  the  centre  of  the  inscribed  circle  as  before. 

If  the  sides  ABC  be  bisected  in  the  points  I),E,F,  tlieu 
the  centre  of  the  circle  described  within  the  triangle  h,J^J,F 
is  the  centre  of  gravity  of  the  perimeter  of  the  triangle 
ABC,  considered  as  three  uniform  heavy  rods. 

For  the  weight  of  each  side  may  be  supposed  to  be  col- 
lected  at  its  middle  point;  it  is  proportional  to  the 
side,  and  therefore  proporfional  to  the  opposite  side  of  the 
similar  triangle  DEF;  hence  the  problem  becomes  the 
same  as  that  just  solved. 

5.  An  isosceles  triangle  whose  base  is  to  one  of  its  equal 
sides  as  l.Vl  is  placed  with  its  b.^se  on  an  inclined  plane; 
and  it  is  found  thait  when  the  body  begins  to  slide,  it  also 
begins  to  roll  over.     Find  the  coefficient  of  friction. 

Let  DBF  be  the  isoscles 
triangle,  G  its  centre  of  gra- 
vity, and  ABC  the  inclined 
plane. 

Let  //  be  the  coefficient  of 
friction,  and  a  the   inclina- 
tion of  the  plftue  when  the 
triangle  is  on  the   point  of  A 
sliding,  then 

tan  a-rr-ji. 
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Next,  8Ui)i)()se  the  triangle  on  the  point  of  rollin.^  ovTr 
the    corner  1) ;    then  the   vorticul   throu-h    (}   will  pa.8 
through  D.     Draw  GM  at  right  angles  tc  the  plane,  thea 
DM—)i  since  the  hase  is  1 


8 


also  tan  a— tan  DGM—%-^-^^-^ 
DM 


Now  if  //  is  less  than  ^^  sliding  will  lake  place  before 


DM 


rolling.  If  u  is  greater  than  ^^^  rolling  will  take  place 
before  shding;  and  for  rolling  and  sliding  to  take  place 
simultaneously  fi—~^ 


\ 


or=-pg  =tan  80 

6.  Find  the  direction  in  which  a  given  force  P  must 
act,  so  that  the  weight  which  it  can  just  move  along  a 
rough  horizontal  plane  may  bo  the  greiitest  possible. 

Let  0  be  the  required 
inclination  of  P  ^r>  ^^^g  ^  R 

vertical. 

W  the  corresponding 
weight. 

U  the  rt)action  of  the  \tt 

horizontal  plane  upon 

the  body. 

Then  since  the  body  is  only  just  on  the  point  of  mov- 
ing, and  therefore  the  greatest  possible  amount  of  friction 
is  called  into  action  between  the  body  anu  the  plane,  R  is 
inclined  to  the  vertical  at  an  angle  a,  such  that  tan  a=;w, 
where  ii  is  the  coefficient  of  friction. 

Since  these  forces  are  j*ist  in  equilibrium,  we  have 

P        sin  a 

ljF~Bin(e  +  (^ 


i.:!;;;:i:~ '"'' '^  ^-^^  s-'-*  value  of  ,^  i3  cvi 
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Examination  Papers. 
I. 
1.     State  the  principle  of  the  Parallelogram  of  Forces 
and  prove  it  so  far  as  the  direction  of  the  resultant  is  con- 
cerned. 

A  balloon  which  could  just  raise  a  weight  of  10  cwt.  is 
held  to  the  ground  by  a  rope  which  makes  an  angle  of 
75°  with  the  horizon  ;  find  the  tension  of  the  rope  and 
the  force  of  the  wind  upon  the  balloon. 

2.  If  three  forces  keep  a  point  at  rest,  state  ihe  rela- 
tions which  connect  them  with  the  angles  at  which  their 
directions  are  inclined. 

Find  the  angle  between  two  equal  forces  when  the  re- 
sultant is  n  times  either  of  them.  What  is  the  greatest 
value  n  can  have? 

3.  Show  how  to  find  the  resultant  of  any  number  of 
forces  acting  at  a  point  in  one  plane. 

A  particle  is  placed  at  the  centre  of  a  hexagon,  and  is 
acted  upon  by  forces  tending  to  the  angles  of  the  hexagon 
and  of  magnitude  1,  2,  3,  4,  5,  6  respectively  ;  find  the 
magnitude  and  direction  of  their  resultant. 

4.  Over  a  vertical  semicircle  ABD,  whose  centre  is  C,  a 
string  is  laid,  which  is  equal  in  length  to  the  arc  of  a 
quadrant  of  the  circle,  and  which  has  two  weights  P  and 
Q,  at  its  extremities.  Find  the  angle  PGA,  when  the 
position  is  one  of  equiUbrium. 

6.  Two  uniform  beams,  each  20  feet  long  and  weigh- 
ing  100  lbs.,  rest  against  each  other  in  the  form  of  a  roof, 
and  are  supported  on  the  top  of  two  vertical  walls,  30  feet 
apart,  to  which  they  are  attached  ;  find  the  direction  and 
the  amount  of  reaction  at  the  top  of  each  wall,  and  the 
amount  of  the  horizontal  force  tending  to  overturn  the 
wall. 

6.  A  uniform  bent  lever,  when  supported  at  the  angle, 
rests  with  the  shorter  arm  horizontal;  but  if  this  arm 
were  twice  as  long  it  would  rest  with  the  other  arm  hori- 
zontal. Find  the  ratio  between  the  lengths  of  the  arms  ; 
also  the  angle  at  which  they  are  inclined  to  each  other. 


T40 


APPENDIX. 


II. 

1.  What  is  the  fundamental  law  of  force  on  which  the 
science  of  statics  depends  ? 

2.  Deduce  the  general  expression  for  the  resultant  of 
two  forces  P  and  Q  whose  directions  make  an  angle  with 
one  another. 

Shew  that  resultant  obtained  is  equal  in  magnitude  to 
that  of  two  other  forces, 

(PH-^)cosi  and(P-Q)8in  ^ 
2  2^, 

making  right  angles  with  each  other. 
8.     State  the  conditions  of  equihbrium, 

(1)  When  any  set  of  forces  act  on  a  point. 

(2)  When  forces  in  one  plane  act  on  a  rigid 

body,  which  can  turn  freely  about  a 
''       fixed  point  in  that  plane. 

4.  A  uniform  beam  AB,  of  weight  W,  rests  with  one 
end  ^  on  a  horizontal  plane  AC,  and  the  other  end  on  a 
plane  GB,  whose  inclination  to  the  horizon  is  60°.  If  a 
string  CA,  equal  to  CP,  prevent  the  beam  from  sUding, 
what  is  the  tension  of  the  string  ? 

5.  Define  the  Centre  of  Gravity. 

A  uniform  wire  is  formed  into  a  triangle  right-angled  at 
C,  and  is  suspended  from  C,  0  is  the  angle  which  the  side 
AC  makes  with  the  vertical :  shew  that 

tan  d  =  *    ^  +  ^^ 

6.  Three  particles  A,  B,  C,  whose  weights  are  propor- 
tional to  3,  2,  1  respectively,  are  placed  so  that  AB=^5 
feet,  /JC-=4  feet,  CA=2  feet ;  find  the  distance  of  the 
common  centre  of  gravity  from  C. 

7.  Find  the  condition  of  equihbrium  for  a  weight  sup- 
ported on  a  smooth  inclined  plane  by  a  force  acting  hori- 
zontally. 

A  force  acting  parallel  to  an  IncUned  plane  supports 
upon  it  twice  the  weight  it  does  when  acting  horizontally ; 

■An.!  4-K«   't-I- ■i.' —    -iyj.\.--i 


APPENDIX. 


141 


^liicli  the 

ultant  of 
igle  with 

litudo  to 


nt. 

a  rigid 
about  a 

'iih  one 
»nd  on  a 
^  If  a 
sliding, 


igled  at 
the  side 


propor- 
of  the 

ht  sup- 
ig  hori- 

ipporta 
ntally ; 


III. 


1.  Define  a  statical  force,  and  explain  what  is  meant  by 
Its  direction  and  magnitude.  Define  a  rigid  body,  and 
show  that  +he  direction  of  a  force  acting  on  it  can  be  defined 
independently  of  the  idea  of  motion. 

If  a  line  of  length  P  represent  a  force,  what  will  repre- 
sent  it  when  the  units  of  length  and  force  are  changed  in 
the  ratios  of  a ;  6  and  c ;  d  respectively  ? 

2.  Assuming  the  parallelogram  of  forces,  show  that  a 
force  R  can  always  be  resolved  into  two  forces  E  sec  d, 
making  an  angle  d  with,  and  R  tan  9,  perpendicular  to 
the  direction  of  R.  What  is  the  whole  effect  of  R  in  the 
latter  direction  ? 

If  two  sides  of  a  parallelogram  approach  coincidence  in 
the  same  or  opposite  directions,  what  is  the  magnitude  oi 
the  Resultant  ultimately  ? 

8.  A  pack  of  cards  is  laid  on  a  table  ;  each  projects  in 
th  ;  section  of  the  length  of  the  pack  beyond  the  one 
bVln.  it,  if  each  projects  as  far  as  possible,  prove  that  the 
distance  between  the  extremities  of  the  successive  cards 
will  form  an  harmonic  progression. 

4.  Five  pieces  of  a  uniform  t  >  ^  ..re  hung  at  equi- 
distant  points  along  a  rigid  rod  AB  without  weight,  \^'hose 
length  is  a  feet,  find  the  centre  of  gravity  of  the  system. 
If  instead  of  pieces  of  a  uniform  chain,  parallel  rods  rig- 
idly attached  to  AB,  had  been  employed  ;  find  the  centre 
of  gravity  (1)  when  the  rods  are  vertical,  (2)  wheninchned 
to  the  horizon. 

5.  It  is  found  that  a  force  of  5  cwt.  acting  at  an  angle 
ot  45^,  18  required  to  draw  a  block  of  stone  over  a  rou'-h 
horizontal  surface  ;  find  the  weight  of  the  block,  supposiS« 
the  coefficient  of  friction  to  be  .62.  ° 

6.  Find  the  condition  of  equilibrium  in  the  wheel  and 
axle. 

The  radius  of  the  axle  is  5  inches,  and  of  the  wheel  2 
feet  6  inches  ;  if  a  weight  of  240  lbs.  be  suspended  from 
the  axle  and  41  Ib.^.  from  the  wheel,  find  which  will 
descend.  What  additional  weight  would  have  to  be 
attachpd  to  the  ascending  one  in  order  to  satisiy  the  con- 
ditions of  equilbrium  ? 


m 
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1.  Show  that  statical  forces  may  bo  represented  by 
straight  lines. 

"  In  nature  finite  forces  do  not  generally  act  at  points, 
but  are  distributed  over  finite  areas  or  through  finite 
volumes ;"  show  how  the  above  method  of  representing 
forces  m^y  be  correctly  apphed  to  natural  forces. 

2.  Enunciate  the  proposition  of  the  parallelogram  of 
forces ;  and  assuming  its  truth  for  the  magnitude,  prove  it 
also  for  the  direction  of  the  resultant. 

8.  Two  equal  particles,  each  attracting  with  a  force 
varying  directly  as  the  distance,  are  situated  at  the  oppo- 
site extremities  of  a  diameter  of  a  horizontal  circle,  on 
whose  circumference  a  small  smooth  ring  is  capable  of 
sliding ;  prove  that  the  ring  will  be  kept  at  rest  in  any 
position  under  the  attraction  of  the  particles. 

4.  Three  parallel  forces  acting  on  a  rigid  system  keep  it 
at  rest ;  investigate  the  relations  subsisting  between  their 
magnitudes,  directions,  and  distances. 

6.  Investigate  the  relations  between  P  and  W,  in  the 
system  of  pulleys  with  parallel  strings,  each  string  being 
attached  to  the  upper  block  by  one  extremity,  and  after 
passing  round  one  of  the  pulleys  is  attached  by  its  other 
extremity  to  the  axis  of  the  next  pulley  above  it. 

6.  In  the  above  question  if  the  upper  or  supporting 
block  were  suspended  by  a  single  point,  find  that  point  in 
order  that  the  block  should  remain  horizontal,  when  tho 
weight  JV  and  the  power  P  are  in  equilibrium,  neglecting 
the  weight  of  the  pulleys. 

7.  A  w  iglit  W  is  supported  on  a  smooth  inclined  plane 
by  a  string  parallel  to  the  plane,  which  passes  over  a  fixed 
pulley,  and  is  attached  to  a  weight  P  ;  show  that  when  P 
is  moved  vertically  the  centre  of  gravity  will  neither  rise 
nor  fall. 

8.  A  sphere  whoso  weight  is  W  and  radius  r,  is  sus- 
pended from  a  point  in  a  vertical  wall  by  a  cord  atta'jhed 
to  a  point  on  its  surface  ;  required  the  tension  in  the  cord 
and  the  pressure  against  the  wall. 
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V. 

1.    State  the  experimental  law  on  which  the  science  of 
Dtaties  IS  based. 

If  a  rod  be  pressed  against  a  wall  in  the  direction  of  its 
length,  are  you  to  infer  from  the  above  law  that  the  actual 
pressure  thus  cau,.^  at  any  point  in  the  wall,  in  the 
direction  of  the- rod  produced,  is  equal  to  that  at  the  point 
of  contact  o  the  rod  and  wall.  Explain  clearly  the 
meanmg  of  the  law.  ^ 

2.  Two  fores  act  along  opposite  sides  of  a  quadri- 
lateral  m  a  circle,  towards  the  same  parts,  and  are  respec 
^vely  proportional  to  these  sides  ;  prove  that  the  resultant 
Will  pass  through  the  intersection  of  the  diagonal. 

in  o'neSe!'^  "'^'^^  ^'  ""'''''  ^^  ^  ^^^^^  ^'  ^^'^'^^ 

Three  weights  are  placed  in  the  angles  of  a  right-angled 
triangle,  and  are  proportional  to  the  squares  of  the  opno- 
Bite  sides;  required  the  distance  of  the  centre  of  grav  ty 
from  the  right  angle.  b^y-vny 

4  Find  the  ratio  of  P  to  TF  in  the  single  moveable 
pulley  when  the  strings  are  not  parallel. 

If  a  weight  W  be  supported  by  a  weight  of  P  hanging 
over  a  fixed  pulley,  the  strings  being  parallel,  show  that 
in  whatever  position  they  hang  the  position  of  the  centre 
of  gravity  is  the  same. 

6.  State  the  laws  of  statical  friction,  and  give  a  practi- 
cal method  of  determining  the  co-efiicicnt  of  fric;  on  for 
two  given  substances. 

If  the  roughness  of  a  plane,  which  is  inclined  to  the 
honzon  at  a  known  angle,  bo  such  that  a  body  will  just 

^alrio'dy  u?  '-'-'  '''-'  ^'-''"^  '''  ^'-^  -^^^'^  - 
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VI. 

1.  A  knot  in  a  cord  is  rendered  immovable  by  a  tack 
driven  through  it,  the  two  extremities  of  the  cord  are  then 
pulled  with  forces  P  and  Q  respectively,  in  such  a  manner 
as  to  include  an  angle  0  between  their  directions; 
required  tie  magnitude  and  direction  of  the  resultant 
force  upon    ae  tack.  ^ 

2.  State  and  prove  the  "  triangle  of  forces,"  and  show 
that  the  line  drawn  from  an  angle  of  a  triangle  to  the 
middle  point  of  the  opposite  side  will  represent  one-half 
of  the  resultant  of  the  forces  which  are  represented  by 
the  sides  of  the  triangle  terminated  in  that  angular  point. 

8.  When  a  boy  of  weight  B  ascends  to  a  point  6  of  a 
ladder  J.B,  the  lower'  end  of  which  is  fixed  while  the 
higher  rests  against  a  smooth  vertical  wall  OZ),  its  pres- 
sure against  the  wall  is  the  same  as  when  a  man  of  weight 
M  ascends  to  a  point  m ;  prove  that 

B.AC=M.Am. 

4.  If  two  forces  act  on  a  rigid  body  in  the  same  plane 
with  a  fixed  point  of  the  body,  prove  that  the  moment  of 
the  resultant  of  the  two  forces  is  equal  to  the  algebraic 
sum  of  the  moments  of  the  forces,  and  deduce  the  condi- 
tion's of  equilibrium. 

Show  that  the  same  proposition  must  hold  in  the  case 
of  parallel  forces,  without  assuming  the  knowledge  of  the 
magnitude  or  position  of  the  resultaut  in  this  case. 

5.  Find  the  greatest  weight  which  a  force  of  2  lbs.  can 
support,  in  the  system  of  pulleys  where  the  same  string 
passes  round  all  the  pulleys,  supposing  the  weights  of  the 
pulleys  10  be  as  the  natural  number,  and  the  least  of  them 
to  weigh  1  lb. 
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VII. 

1.  If  the  moments  of  two  forces  meeting  in  a  point  be 
equal  and  opposite  with  respect  to  any  point,  that  point 
must  be  on  their  resultant.  « 

2.  A  uniform  beam  AB  is  placed  in  a  vertical  plane, 
with  one  end  A  on  an  horizontal  plane  C^,  and  the  other 
end  B  against  a  vertical  plane  CB  ;  the  beam  is  now  kept 
at  rest  by  a  string  EQ,  E  being  a  given  point  in  AB ;  find 
the  tension  of  the  string. 

8.  Prove  that  the  centre  of  gravity  of  a  triangle  divides 
each  of  the  lines  drawn  from  the  angular  points  of  the 
triangle  to  the  points  of  bisection  of  the  opposite  sides  m 
^he  ratio  of  2  : 1, 

4.  A  cubical  box  is  half-filled  with  water,  and  placed 
upon  a  rough  rectangular  board  ;  if  the  board  be  slowly 
inchned  to  the  horizon  determine  whether  the  box  will 
slide  down  or  topple  over. 

5.  Find  the  relation  between  P  and  W  in  the  third 
system  of  pulleys,  disregarding  the  weight  of  the  pulleys. 

Show  that  a  weight  of  three  lbs.  will  support  twenty, 
five  pounds  on  a  system  of  two  moveable  pulleys,  each 
weighing  one  pound. 

6.  A  weight  of  7  cwt.  rests  upon  a  plane  inclined  at  an 
angle  of  30°  to  the  horizon ;  what  force,  acting  parallel 
to  the  horizon,  will  just  prevent  its  sliding  down  the  plane 
when  the  coefficient  of  friction  is  \ ;  and  what  is  the  least 
force  which  acting  parallel  to  the  plane  will  draw  it  up? 

7.  A  beam  21  feet  long  rests  with  its  ends  upon  a  hori- 
zontal and  vertical  plane  respectively;  find  how  far  the 
lower  may  be  drawn"  out  from  the  wall  before  the  beam 
will  slip ;  the  coefficient  of  friction  being  \  and  ^  respectively 
and  the  centre  of  gravity,  which  is  nearest  to  tlie  lowri 
end,  dividing  the  beam  in  the  ratio  of  3  : 4. 
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1.  A  body  whose  weight  is  168  lbs.  rests  upon  two 
smooth  inchued  planes,  one  oi  the  planes  rises  3  in  5  and 
the  prefitiire  upon  it  is  160  lbs.,  find  the  inchnation  of  the 
other  plane,  and  also  the  pressure  upon  it. 

t^L  ^f^^h  *^'^-  T"^°^^.^    °^  ^^^^^«  *o  s^iow  that  the 
moments  of  two  mtersectmg  forces  about  any  point  in  the 

direction  of  their  resultant  are  equal. 

The  lower  extremity  of  a  weightless  beam  moves  freely 
about  a  fixed  pivot,  a  weight  W  is  suspended  from  tJie 
other  extremity,  and  the  beam  is  supported  in  a  given 
position  by  a  cord  attaoh*^d  at  its  centre  at  right  an-Ies  to 
the  beam  ;  find  the  tension  in  the  t  )rd  and  the  pressure 
upon  the  pivot. 

8.  When  a  weight  is  supported  on  a  smooth  inclined 
plane  by  a  force  along  the  plane,  the  force  is  to  the  wei-ht 
as  the  height  of  the  plane  is  to  its  length.  ° 

A  weight  2P  is  supported  on  an  inclined  plrne  by  two 
equal  forces  P  and  P,  one  acting  horizontally,  and  the 
other  making  with  the  plane  an  angle  equal  to  the  inclina- 
tion  of  the  plane  ;  required  the  inclination  of  the  plane 
and  the  pressure  upon  it. 

4.  If  the  inclined  plane  be  the  upper  surface  of  a  wedge 
whose  under  surface  rests  on  a  sm'ooth  horizontal  table 
find  the  horizontal  force  which  must  act  on  the  wedge  tJ 
keep  it  at  re^v,. 

5.  In  the  system  of  pulleys  in  which  each  strinc^  is 
attached  to  the  weight,  if  there  are  three  strings,  find'the 
weights  of  the  two  lower  pulleys,  from  the  consideration 
that,  if  they  were  interchanged,  equilibrum  would  subsist 
when  the  power  is  diminished  by  one-half. 
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I. 

Answers  to  Examination  Papees. 
20 
^-     i72+i/3'   2.0794 

.    V.08  «—  — —^  ^  ig  greatest  when  cos  0  is  greatest, 
tliat  is  when  cos  6— -1,  then  n—% 

3.  Take  the  horizontal  line  pa=taing  through  one  of  the 
angular  points,  and  resolve  vertically  and   horizontally. 

Since  cos  60®.:=^,  and  sin  60°=^. 

Horizontal  fcs.=l— 4+^  (2— 3— 6+6)=— 3. 

,r    ,.    ,        "      2  +  3—5—6 

Vertical  = -^—^3  =-3^3. 

.•.R2^36  or  i?=i— 3,  tan  of  angle  which  resultant  makes 
with  horizontal  line=60«.  Why  take  the  negative  value 
ofE? 


4.  Take  moments  about  the  centre,  and  tan  PGA=^ 

5.  Take  moments  about  point  where  rafters  rest 
against  each  other,  and  we  find  reaction  at  top  of  wall 

vertical  and  equal  to  50  lbs,  and  horizontal  force= — ^^. 

7 

6.  Let  0- supplement  of  angle  between  arms.  2x= 
short  arm  in  first  case,  and  2»/=longer  arm.  Take 
moments  about  angle  and  x  =if  cos  Q,  and  second  case 
1/2=4x2  cos  Q.  .-.Cos  O^i  and  O=:60o  and  x^ :  y"^  :  :  ^  :  1. 

II. 

4.    Kesolve  horizontally,  take  moments  about  A  and 

Tension  -=  — i--  • 
4 

6.  Take  triangle  ABC,  having  AB^:^',  BC=4,  and  CA 
=2,  and  place  1  at  C,  2  at  B,  and  3  at  0.  Find  C.G.  of  2, 
which  call  iiJ.    BE=-.'d.     €E^^BG'-\-BE''— 2BC.be  cosB, 
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from  which   Ci^:=1.6783.    Then  C.Q.  of  6  at  E,  and  1 
at  C'ls  1.89  from  0.        .  .     .^ 


7.     46». 


III. 


4.  Let  AB  =  a,  Since  the  chains  are  vertical,  and 
lower  end  of  each  chain  hes  in  the  same  straight  Una 
through  A  its  length  must  be  proportionate  to  itr  distance 
from  5  J  let  length  of  longest  be  l\  find  length  of  others. 
If  w  be  weight  of  a  uuits  length  of  chain,  weight  of  longest 
part  —  iol\  find  weight  of  others.  Weight  of  each  chain 
may  be  supposed  to  act  at  any  point  in  it,  and  therefore 
at  point  of  attachment.     CO.  of  system  must  therefore  lie 

a«— 4  ah-{-h\ 


mAB.   IfObeO.(?.then^O  = 


a— 26 


In  second  case  if  rods  were  vertical,  weights  may  be 
supposed  to  act  in  AB.  If  inclined  to  horizon  weights 
would  act  at  their  middle  points,  and  C.G.  may  be  found  as 
above. 

5.  9.265  cwt. 

6.  P  will  descend.  6  lbs.  added  to  W  would  produce 
equilibrium. 

IV. 

2.  In  fig.  Art.  33,  assume  AE  in  direction  of  resultant 
and  equal  to  it,  and  prove  that  AE  is  in  same  straight 
line  with  AD. 

8.  The  Une  of  action  of  reaction  at  any  point  on  a 
circle  passes  through  centre.  Let  A  and  B  be  the  parti- 
cles at  extremities  of  diameter,  and  P  attracted  ring. 
AP,BP  represents  the  forces  on  P.  Show  that  their 
resultant  passes  through  centre,  and  is  therefore  counter- 
acted by  curve. 

f2"-l-ii,4-3  ^ 
~~onTT~  J    ^^  *^®   distance  from  the  longest 

string,  when  r  is  the  radius  of  each  pulley,  and  n  the  num- 
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7.  Let  X  and  y  bo  distances  of  W  and  P  from  pulley 
Take  moni  mtB  of  forces  about  horizontal  lino  throuL^h 
pulley,  and  ^ 

{yy-hPi'C^Wx  BinQ  +  Py=:Px-{.Py,    since   P=W   sinO. 

=P  {x-j-y)^Pl  if  i^atring;' 

hence  depth  of  V.G.  is  independent  of  depth  of  P  below 
pulley. 

8.  Apply  the  triangle  of  forces.    If  I  be  the  length  of 
the  chord,  then  ten8ion=.^4;tf  and  pressure -ZL^ 


V. 

8.    Let  a  and  6  be  the  lengths  of  the  sides  about  the 
right  angle,  then  the  distance  required  is  ~-^^___ 
4.    See  question  7.    IV. 
6.    Resolve  forces  along  and  perpendicular  to  plane^ 

It=W cos  0 
.-.  P=:((A.  COS  0  +8in  6)   W 

Since  bodyjust  rests  on  plane    /A=tan  0. 
.-.  P^2W Bin  9. 


VI. 

1.  Ii^=P^+Q^+2  PQ  cc  0. 

2 

.:  fr=|(7--n). 

Substitute  successively  1,  2,  3,  &c.,  and  Wig  greatest 
When  n  is  3  or  4,  in  that  case  PT  is  6  lbs. 
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2.     l.oiBAC!=%  ACE=.I3,  AB^Oa. 

Kesolve  vertically  and  li—T  sin  /3--=0. 
Take  moments  about  h,  and 

i2  X  2a  cos  Q~Tx  2a  sin  0  cos  (3^  Wa  cob  0, 

Eliminate  R  and  T~-_]^1?^!!J?_ 

2  8iu(0— /3j|~* 

li/n  f  7""  w  °'/"°""''-  I^«  ""'  BliJe  when  inclina- 
tioa  ofLoard  to  horizon=tan-V.  Would  topple  whoa 
lncl.„afon=^  ,.  Therefore,  will  slide  or  topple  over! 
as  ^  18  greater  or  less  thaa  1,  » *  . 

6.  2  cwt.,  and  6-016  cwt, 

7.  H-0344  feet. 


VIII. 
it  f;  lollT'"  """  ""'■  ''  '"  ^^'  ""^  "«'  P^^^-^e  on 
t.,!:  ,f "'/'"!  *''«.'°'"i''»«''n  of  the  beam  to  the  horizon 

upon  iUs  P^r"""  "'  ""^  ^'^"^  '^  ^^"^  -^  '-  P— « 
5.    li!^-Z^  and  i^^-3^^ 
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taught.  We  have  at  last  nri  ?.ln  /  "hich  K'ni.nmar  <,i.-ht  to  l,o 
tru>t.d  into  the  Imll" ^  J^^e  S  Z '^^  *"7';  ^^'^'^'^  "W  be  c' 
foar  of  its  b?in>r  aliused,  J"<.'xpcrleneed  teacher  witliout  ai.y 

r  !,„„„        ,  „       "'"TA"^>    1.  s.  I.,  South  Ilast  njrs. 
fonvinccl  fro,,,  what  i  h;  • ,',..,  „      ;  '  „    f /''^"^'"(it'''  r^e.ss.M.,s."  and  ara 
B'jn.o  of  my    most   tx,K  ;.;>-.!,'   teu'h^rl     r;''V-'''MJ'''''' ''*-''''••' f-"''''' 
Klementaiy  t.-xt  book  o      he  sul  i;ct  Z'f  .  ''*  '^  '   ^'^'   ^"''  f''^'  '"^'-t 
reach  of  our  Ca.iadia,,  ehiUIrci,      Thn  !^"*  •^■'-*  '"^^"  I'''^'-*-'''  ^^'"'in 

in  ail  the  schools  in  my  uistrict  rccuiuiuciid  the  Ix-olv  lor  use 

T  «n,        "';.  '^^"  ^^^^'^'^*  ^^•^•'  **•  ^-  I"«Pector,  Picton. 

poriJ,Si^K.^;;tsK.n»i: '^'••"T*'- ,  ^-  •-*  -'  -''t  ox. 

8.iuie   fiKshion.       Youu^lmnXl       ■     •"",''''''  '^'''•'•^'^'''  '"■^"v.  "ft^r  tlio 
••  Lan,„«,.o  Lea..;  "''l."Tl  J'o  d'e;t'rn,;r'"^^  •''•  '"^^  "^"  -''h 

I'upils  just  e..teri.,ir  upr.n    his     f;n„rf  '  ,t      *  """I'  '''I  "'^'"'"^  '»•     ^^'r 
question  has  no  8UKriir  in  the  2S'     ^''•''  ""'  ^'^^'^'  '^"''k   >" 


W.  S  CLENDENING.  Inspector  East  Bruce.  WaUerlon. 
task-to-n,ake^i;i's;!::i;'iS;::;,:^4^-^;^-  Will  in.d  it  nodifflou-t 
esteem  it  so  hi-hly  that  I  wi     mo^^w^hfA  ^'^  ^^.  ^''^"  J""""-  V^inU.      I 

of  every  teacher   n    uj  dLs  ric     aS   TuT  *"  ?'•'*  "'*    '^'  '>'"'"'« 
likewise.  "'  """'"^''>  »»".  «  authorized,  into  every  school 


ROBERT  MATHPSON.  M.A..  H.  M.  Hi.h  School,  Wal.erton. 

of  composition    TStK^^^^^ 

'     ■•         ualtreatL^rL^;'t.^l^^:^.^''«:''^''«'--''"'''irit,ss„,eri.,; 


to  the  usual  treatise  "  k^  .  ^.ats^SiSt  ^j^^lSS/l^! 

Th.v^"  ^?P'  ^  ^-  ^^  ^''"'■*^  Haldimand,  Caledonia. 

classes  anS  SSit'S'o?i.;rt*?"\'''"'ff'^-^  ^^^^^'^  f^""  J""' 
adapted  fur  use  tour  publc  schools''  ^''  ^'"'^^"^'^'^'  '^''"'t' aUn.irab 


ors 
■r 


lor 
bly 


AUTHORIZED   BY  THE  MINISTER  OF  EDUCATION^ 

EAMBLIN  SMITH'S  A21ITHMETIC-Bt  Tbos  Kirk- 

land,  M.A.,  and  W.  Scott,  B.A.    *1.00. 

HAMBLIN  SMITE'S  ALaEBRA-with  Appendix  b7 

Alfred    Baker,  B.  A.,   Katlieinaticai  Tutor,   University  Collece. 
Toronto,   90  cts.  ^ 

HAMBLIN    SMITH'S  GEOMETRT-sciiooi  iditfon, 

with  Examination  Papers,  from  the  Toronto  and  Magill  Univer- 
sities, and  Normal  School,  Ti^ronto.    90  cents.      Books  \  and  2 
with  Examination  Papers.    Cloth,  30  cents.    Books  2  and  3  with 
Examination  Papers,  30  cents. 

POTT'S   ELEMENTS  OP  EUCLID-With  Examination 
Papers,  76  cents.    Books  1  and  2,  30  cents.   Books  2  and  3, 30  cts. 

ELEMENTARY  STATICS  —  By  Thos.    Kirkland,   M.A.. 
Science  Master,  Normal  School,  Toronto.    fl.OO. 

HAMBLIN  SMITH'S    STATICS- with  Appendix  by 

Thos.  Kirkland,  M.A.    90  cents. 

HAMBLIN  SMITHS  EYDROSTATICS-75  cents. 

FLEMING'S  ANALYSIS-With    Examination   Papers,  by 
w.  Houston,  M.A.    Second  Canadian  Edition.    $1.00. 

MASON'S  ENGLISH  GRABIMAR-with  Appendix  by 

W.  Houston,  M.A.    76  cents. 

EWINTON'S    LANGUAGE    LESSONS-Adapted  to 

Junior  Classes  Canadfen  Schools,  by  J.  McMillan,  B.A..  Ottawa 
Collegiate  Institute.    25  cents. 

BEATTY  &  CLARE'S  BOOK-KEEPING-70  cents. 

HEALTH  IN  THE  HOUSS-By  Catharine    Buckton.  60 
cents.  ' 

EPOCH  SERIES  OP  HISTORY-By  Rev.  M.  Creighton, 

M.  A.  a  • 

LEWIS'  HOW  TO  READ-75  cents. 
SPALDING'S  ENGLISH  LITERATURE-oo  .ents. 
SMITH'S  PRIMARY    DRAWING  CARDS  -  Per 

series,  15  cents. 

SMITH'S  DRAWING  EOOSS-Nos.  l.  2and  3-Primary 
and  Intermediate  Course,  each  15  cents. 

SMITffS  PKIMAR?  MANUAL  OP  DRAWIKO 
^^wufiiS-ilJ^^^^^"'™    MANUAI,   OP 


